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THE GENERALIZED WEIERSTRASS APPROXIMATION THEOREM 

by 

M. H. Stone 

1. Introduction. Some years ago the writer discovered a gen- 
eralization of the Weierstrass approximation theorem suggested by 
an inquiry into certain algebraic properties of the continuous 
real functions on a topological space [1]. This generalization 
has since shown itself to be very useful in a variety of similar 
situations. Interest in it has stimulated several improvements in 
the proof originally given and has also led to some modifications 
and extensions of the theorem itself. At the same time many inter- 
esting applications to classical problems of analysis have been 
observed by those working with the generalized approximation theo- 
rem. The writer, for instance, has noted a number of such appli- 
cations in his lectures of 1942-1945, dealing with this and other 
subjects. Since the proofs thus obtained for several important 
classical theorems are remarkably simple, there would seem to be 
some advantage in collecting the relevant material inanexpository 
article where everything could be presented in the light of our 
most recent knowledge. To offer such an article is our present 
purpose. 

2. Lattice Formulations of the Generalized Theorem. The 
Weierstrass approximation theorem states, of course, that any con- 
tinuous real function defined on a bounded closed interval of real 
numbers can be uniformly approximated by polynomials. The general- 
ization with which we shall be concerned here seeks in the first 
instance to lighten the restrictions imposed on the domain over 
which the given functions are defined. The difficulty which has 
to be turned at the very outset in formulating such a generaliza- 
tion is that there are no polynomials on a general domain. It is 
rather easy, however, to circumvent this difficulty by orienting 
our inquiry towards the solution of the following question: what 
functions can be built from the functions of a prescribed family 
by the application of the algebraic. operations (addition, multipli- 
cation, and multiplication by real numbers) and ofuniformpassages 
to the limit? In the classical case settled by the Weierstrass 
approximation theorem, the prescribed family consists of just two 
functions, f1 and f2, where f1(x) = 1 and f2(x) = x for all x in 
the basic interval. In this, as in other cases which will be 
noted below, the answer is especially interesting because a very 
small prescribed family suffices to generate a very much more in- 
clusive family. In his first discussion of the general problem 
posed above, the author focussed attention on the r^ole played in 
approximation theory by the operations of forming the maximum and 
the minimum of a pair of functions. The reason why these opera- 
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tions are technically appropriate to the end in view can be seen 
even in'the classical case of Weierstrass. There it is geometri- 
cally evident that a given continuous real function can be uniformly 
approximated by continuous piecewise linear functions, since to 
obtain such approximations one has only to inscribe polygons in 
the graph of the given function; and each piecewise linear func- 
tion can be obtained from linear functions by means of the opera- 
tions in question. The approximation of piecewise linear functions 
by polynomials then becomes the issue. The parts of the author's 
proof which involve these operations have since been much improved 
by Kakutani, with the aid of suggestions made by Chevalley, and 
the results given explicit formulation as a theorem about lattices 
of continuous functions [2]. Further modifications will be indi- 
cated below in the course of our present discussion. 

In accordance with the preceding remarks, we shall start with 
an arbitrary topological space X, the family X of all continuous 
real functions on X, and a prescribed subfamily Xo of X. Our ob- 
ject is to determine the family U(Xo) of all those functions which 
can be built from functions in X0 by the application of specified 
algebraic operations and uniform passage to the limit. We shall 
consider first the case where the specified operations are the 
lattice operations k and n defined as follows: fug = max (f, g) 
and fng = min (f, g) are the functions h and k respectively, 
where h(x) = max (f(x), g(x)) and k(x) = min (f(x), g(x)) for all 
x in X. Later we shall take up other cases. In general we shall 
require of X that it be a compact space or even a compact Hausdorff 
space; but in the course of our preliminary remarks no such re- 
striction will be necessary. 

In all the cases we shall consider, U(X0) is a part of X 
closed under uniform passage to the limit - in symbols, Li(Xo)CX, 
V(u(^ )) = U(XO). Let us discuss these statements briefly in the 
case of the lat-tice operations. Since fLag and fig are contin- 
uous whenever f and g are (the mapping of X into the plane given 
by x - (f(x), g(x)) is continuous and the mappings of the place 
into the real number system given by (6, r7) max (6, r7) and (6, -q) - 

min (e, 77) respectively are both continuous, so that the composite 
mappings x - max (f(x), g(x)) and x - min (f(x), g(x)) are contin- 
uous also) and since the uniform limit of continuous functions is 
a continuous function, we see that the operations applied in the 
construction of d(Xo) work entirely within X and hence that d(Xo) 
CX. We pow observe that U(X0) can be constructed in two steps: 
we first form all the functions obtainable by applying the alge- 
braic operations alone to members of Xo and we then form all the 
functions obtainable from these by uniform passage to the limit. 
For convenience let us designate the family of functions obtained 
in the first step by U11(X0) and the family obtained in the second 
step by U2(Xo). It is evident that XocUl iaX)CU2(Xo)CU1(X). We 
shall show that U12(1) is closed under the operations allowed 
and hence that U1(X) = L12(X). It is then trivial that L1(X) is also 
closed under those operations. It is easy to see that any func- 
tion f which is a uniform limit of functions fn in U2(Xo) is itself 
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a member of U2(X0o): in fact, each fn can beunifor.mly approximated 
by functions in L1l(XC4) so that, if E is any positive number, fn 
and a corresponding function gn in LUI(XY) can be found satisfying 
the inequalities lf(x) - fn(x)l < e/2, Ifn(*) - gn(x)I < E/2, and 
hence the inequality If(x) - gn(x)I < E for all x in X. It is 
also fairly easy to see that whenever f and g are in L12(Co) so 
also are fug and fog. For this it is sufficient to observe 
that, when f and g are uniform limits of the respective sequences 
fn and gn in II,( )x:0), then fug and flig are uniform limits of 
the respective sequences fnLgn, and fnngn - which are obviously in 
d1(X;0) too. The validity of this observation depends upon the 
inequali ties 

imax (f,77) - max (6',77')| I - | + " - 

Imin (,77) - min ( I'f') f' + 17- 77' | 
for which formal proofs based on the equations * 

max (f,-q) = 1/2(f + ' 7 + I6 - 771 ) 

min (f,77) = 1/2(+ + - + +I - 711 ) 

are easily given. Using these inequalities and choosing n so that 
ff(x) - fn(x)f < E/2, Ig(x) - gK(x)l < E/2 for all x in X, we find 
directly that imax (f(x), g(x)) - max (f5(x), gn(x))| < c, 
|min (f(x), g(x)) - min (ft(x), gn(x)) I < E for x in X. In case 
we assume X to be compact, every function in X is automatically 
bounded. By virtue of this assumption, or by virtue of a direct 
restriction to the bounded continuous functions on X in the general 
case, we put ourselves in a position to summarize the preceding. 
remarks in a particularly brief form. In fact, if we restrict X 
to consist of the bounded continuous functions on X and define 
the distance between two bounded functions f and g to be sup 

XEX 
|f(x) - g(x) |, we thereby make X into a complete metric space inwhich 
metric convergenice is equivalent to uniform convergence. The lat- 
tice operations are continuous with res.pect to this metric. As 
before, when XocX the relations X0ocl( Xo)CX, U( Xo ) = l1( U Xo ) ) 
are valid. The first states that the uniform limit of bounded con- 
tinuous functions is a bounded continuous function, the second 
that tl(Xo) is metrically and algebraically closed. The proof of 
the latter fact runs as before; but it can be more briefly stated, 
as follows: if d11(X0) is the family of all "lattice polynomials" 
formed from Xo and U12(XCo) is its metric closure, then U2(XO) is 
obviously metrically closed and the fact that it is algebraically 
closed with respect to the lattice operations is a simple, direct 
consequence of their metric continuity. 
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We are now ready to determine, in the important case where X 
is compact, what functions belong to U(Xo). 

Theorem 1: Let X bea compact space, 3X the familyof all continu- 
ous (necessarily bounded) real functions on X, Xo an arbitrary 
subfamily of X, and Ul(Xo) the family of all functions (necessarily 
continuous) generated from Xo by the lattice operations and uni- 
form passage to the limit. 7hen a necessary and sufficient condi- 
tion for a function f in X to be in U(X0) is that, whatever the 
points x, y in X and whatever the positive number E, there exist a 
function f.Y obtained by applying the lattice operations alone to 
Xo and such that If(x) - fxy (x)| < E, |f(y) - fxy Y)| < E. 

Proof: The necessity of the stated condition is trivial. It is 
the sufficiency which requires discussion. Starting with the func- 
tions fxy in 11( Xo) we shall construct an approximant for f. Let 
Gy designate the open set (z; f(z) - fxy(z) < e) , where xis fixed. 
By hypothesis x and y are in Gy, so that the union of all the sets 
Gy is the entire space X. The compactness of X implies the exist- 
ence of points Y1, ., Yn such that the union of the sets G.,,..., 
GYn is still the entire space X. Setting g. = fxY u*.. fXy 

= max (fx ,... f* y ),we see that for any z in X we have z e G for a 

suitable choice of k and hence g,(z) ? fxy(z) > f(z) - E. On the 

other hand the fact that fxy(x) < f(x) + e implies that g,(x) 
< f(x) + E. We can now work iLn a similar manner with the functions 
gx. Let fx designate the open set (z; gx(z) < f(z) + E) . Evident- 
ly x is in Hx, so that the union of all the sets Hx is the entire 
space X. The compactness of X implies the existence of points xl, 
*.., x. such that the union of the sets Hx t, *t Hx, is still the 

entire space X. Setting h = gx n .. = min (g"11..., gx,), we 

see that for any z in X we have z e Hxk for a suitable choice of k 
and hence h(z) 5 gx (.z) < f(z) + E. On the other hand, the fact that 

x (z) > f(z) - E for all z and all x implies that h(z) > f(z) - e 

for all z. Thus we have If(z) - h(z)j < E for all z in X. To 
complete the proof we note that, since only the lattice operations 
have been used in constructing the functions gx and h from the 
functions fxy, these functions are all in U11(Xo), as desired. 

We may note two simple corollaries, as follows. 
Corollary I: If Xo has the property that,whatever the points,x, 

y, x 6 y, in X and whatever the real numbers a and ,3, there exists 
a function fo in Xo for which fo(x) = a and fo(y) = ,3, then 11(X?) 
= X- in other words, any continuous function on X can be uniformly 
approximated by lattice polynomials in functions belonging to the 
prescribed fami ly X0. 

Corollary 2: If a continuous real function on a compact space X 
is the limit of a monotonic sequence fn of continuous functions, 
then the sequence converges uniformly to f.t 

Professor Andre Weil remarks that the extension to monotonic sets is im- 
med iate . 
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Proof: We take Xo to be the totality of functions occurring in 
the sequence fn. Then ili(Xo) = XO since monotonicity implies that 
fmufn coincides with one of the two functions fa and fn while 
fm,nfn coincides with the other. The assumption that lim fn(x) 

n+ODx 
- f(x) for every x now shows that the condition of Theorem 1 is 
satisfied. Hence f is in l(Xo); and f is therefore the uniform 
limit of functions occurring in Xo. Since If(x) - fn(x) Idecreases 
as n increases and since Jf(x) - fN(x)j < e for all x and a suit- 
able choice of N, we see that jf(x) - fn(x)l < E for all n > N, as 
was to be proved. 

Theorem 1 tells us that the question, "Can a given function f 
be approximated in terms of the prescribed family Xo?" has an an- 
swer depending only on the way in which f and Xo behave on pairs 
of points in X. The contraction of a function obtained by sup- 
pressing all points of X except the two points x, y of a pair is a 
function of very simple kind - it is completely described by the 
ordered pair (a,/3) of those real numbers which are its values at x 
and at y respectively. If Xo(x,y) designates the family of func- 
tions obtained by contracting every function in X0 in this manner, 
and if X(x,y) has a corresponding significance, then everything 
depends on an examination (for all different pairs x,y) of the 
question, "Can a given element of X(x,y) be approximated in terms 
of Xo(x,y)?" This question is that special case of our original 
problem in which X is a two-element space! When X has just two 
elements, the approximation problem can be described in slightly 
different language, as follows. We have to deal with all ordered 
pairs (a,:3) of real numbers - that is, with the cartesian plane. 
On two such pairs we can perform the operations u and n defined by 
the equations 

(a,)u(y, 3) = (max (a,y), max (,S)) 

(a,/8)t1(y, 8) = (min (a,y), min (,8,)). 

Geometrically these operations produce the upper right vertex and 
lower left vertex respectively of a rectangle with its sides par- 
allel to the coordinate axes and one pair of opposite vertices 
falling on the points (a,/3), (y,8). For any given subset S of 
the plane the problem to be solved is that of finding what points 
can be generated from it by the above operations and passage to 
the limit. From what has been said above, it is clear that the 
points so generated constitute a closed subset S* of the plane 
which contains with (a,/3) and (y,8) the two points described 
above. It is also clear that this subset is the smallest set en- 
joying these properties and containing the given subset S. Revert- 
ing now to the interpretation of Theorem 1, we see that it can be 
restated in the following form: if f E X, then f E d(Xo) if and 
only if (f(x), f(y)) e Xo (x, y) for every pair of distinct points 
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x, y in X. We have not asserted that the conditions corresponding 
to various pairs x, y are independent of one another, Nor have we 
asserted that every point (a,/:) in Xo(x,y) can be expressed in 
the form a = f(x), 3 = f(y) for some f in U(Xo). Indeed, even in 
the case where Xo = NXo) we know only that Xo(x,y)* is the clo- 
sure of Xo(x,y). 

It is convenient to express some of the results sketched in 
the preceding paragraph as aformal theorem. This we do as follows. 

Theorem '2: Let X be a compact space, X the family of continuous 
real functions on X, and Xo a subfamily of X which is closed under 
the lattice operations and uniform passage to the limit. Then Xo 
is completely characterized by the system of planar sets Xo(x,y) 

- xo(x,y}. 
Proof: Our hypothesis that Xo = LU(Xo) shows that Xo(x,y) has 

Xo(X^,y) as its closure, as we remarked above. Let us suppose 
that Do = 1(po)CX and that Xo(x,y) = xo(x,y) for all pairs of 
points x, y in X. Then the conditions for f in X to belong to Xo 
are identical to those for it to belong to Do. Hence Xo and Do 
c'oincide. 

We pass now to the modifications of Theorems 1 and 2 which 
result when we take into consideration the operations of linear 
algebra as well as the lattice operations. The newly admitted 
operations are, more precisely, addition and multiplication by 
real numbers. In view of the equations (*), which express the 
lattice operationsin terms of the linear operations and the single 
operation of forming the absolute value, we may take the specified 
algebraic operations to be simply addition, multiplication by real 
numbers, and formation of absolute values. The remark's preliminary 
to Theorem 1 apply, mutatis mutandis, to the present situation. 
The family U(X0) of all functions which can be constructed fronA 
XocX by application of the linear lattice operations and uniform 
passage to the limit is again seen to be obtainable in two steps, 
the first being algebraic and the second consisting in the adjunc- 
tion of uniform limits. This family is closed under the operations 
used to generate it. We now have the following analogue of the 
results contained in Theorems 1 and 2. 

Theorem 3: (Kakutani L2J. Let X be a compact space, X the fami- 
ly of all continuous (necessarily bounded) real functions on X, Xo 
an arbitrary subfamily of X, and ll(Xo) the family of allI functions 
(necessarily continuous) generated from Xo by the linear lattice 
operations and uniform passage to the limit. Then a necessary and 
sufficient condition for a function f in X to be in Uo(XO) is that 
f satisfy every linedr relation of the form ag(x) = /3g(y), x/g3 ?> 0, 
which is satisfied by all functions in Xo. If Xo is a closed lin- 
ear sublattice of X - that is, if X0 = 1(XO) - then Xo is charac- 
terized by the system of all the linear relations of this form 
which are satisfied by every function belonging to it. The linear 
relations associated with an arbitrary pair of points x,y in X 
must be equivalent to one of the following distinct types: 
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(1) g(x) = 0 and g(y) = 0; 
(2) g(x) -0 and g(y) unrestricted, or vice versa; 
(3) g(x) = g(y) without restriction on the common value; 
(4) g(x) = Xg(y) or g(y} = A g(x) for a unique value A, 

0< k < 1. 
Proof: Since D)o = U(Xo) is closed under the lattice operations 

and uniform passage to the limit, Theorem 2 can be applied to Do. 
However, the fact that ko is also closed under the linear opera- 
tions can be expected to produce effective simplifications. In- 
deed we see that the planar set Do (x,y), where x and y are arbi- 
trary points in X, must be the entire plane, a straight line pass- 
ing through the origin, or the one-point set consisting of the 
origin alone. This appears at once when we observe that if (a,/3) 
e Po(x,*y) then (Aa,X/3) e ko(x,y) for every A, and that if (a , ,3) 
and (y, 8) are in )o(x, y) then (a + y,,8 + 8) e Do (x,y). Since 
{)0(x,y) is obviously aclosed subset of the plane, we have Io (x,y)* 

- g)0 (x,y). When 910 (x,y) is a straight line through the ori- 
gin we write its equation as ae = ,877 and observe that (3,oj) e 

Do(x,y). Since Do is closed under the operation of forming abso- 
lute values, we see that (181, jai) 6 ko(x,y). Hence a31,8 = |a|/3 
so that a/3,j/3 = IaI/32 ? 0 and a83 > 0. When DO(x,y) consists of 
the origin alone, we have the case enumerated as (1) in the state- 
ment of the theorem. When So(x,y) is a straight line through the 
origin we have case (2) if it coincldes with one of the co'ordinate 
axes, case (3) if it coincides with the bisector of the angle be- 
tween the positive coordinate axes, and case (4) otherwise. When 
Do(x,y) is the entire plane there is no corresponding linear re- 
lation, of course. Theorem 2 shows that Po is characterized by the 
sets )o(x, y) =kjo(x,y) - in other words, that f in X belongs to 
Do = 11(Xo) if and only if (f(x), f(y)) E t)o(x,y). Since XocJo . 
it is clear that the conditions thus imposed on the functions in 

j.t(Xo) are satisfied by the functions in Xo. On the other hand if 
all the functions in Xo satisfy relations of the kind enumerated 
in (1) - (4) it is clear that every function in 11(Xo) must do like- 
wise: for the sums, constant multiples, absolute values, and uni- 
form limits of functions which satisfy a condition of any one of 
these types must satisfy the same condition. Thus t.he linear re- 
lations of the form ag(x) = ,Bg(y), a,3? >0, satisfied by the func- 
tions in Xo are identical with those satisfied by the functions in 
U(Xo) and serve to characterize the latter family completely. 

We may note some simple corollaries to the theorem just proved. 
Corollary 1: In order that U(Xo) contain a non-vanishing 

constant function it is necessary and sufficient that the only 
linear relations of the form ag(x) = 83g(y), a,3 > 0, satisfied by 
every function in X0 be those reducible to the form g(x) = g(y). 

Proof: It is obvious that of conditions (1) - (4) in Theorem 3 
only condition (3) can be satisfied by a non-vanishing constant 
function. 
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Corollary 2: In order that 11( Xo ) = X it is sufficient that 
the functions in X satisfy no linear relation of the form (1) - 

(4) of Theorem 3. 
In order to state a further corollary, we first introduce a 

convenient definition. 
Definition 1: A family of arbitrary functions on a domain X 

is said to be a separating family (for that domain) if, whenever x 
and y are distinct points of X, there is some function f in the 
family with distinct values f(x), f(y) at these points. 

In terms of this definition we have the following result. 
Corollary 3: If X is compact and if X0 is a separating family 

for X and contains a non-vanishing constant function, then 1(X0) 
- X. 

Proof: Since X. contains a non-vanishing constant function, 
the only one of conditions (1) - (4) satisfied by every function 
in X0 are those of the form (3). Since X0 is a separating family, 
no linear relation of the form g(x) = g(y), where x # y, is satis- 
fied by every function in X0. Hence Corollary 2 yields the desired 
result. 

Corollary 4: If X0 is a separating family, then so is X. If 
X is a separating family and 1J(X ) = X, then Xo is also a separa- 
ting family. 

Proof: The first statement is trivial. The second statement 
follows at once from the fact that X0 is subject to no linear re- 
lation of the form g(x) = g(y) which isnot also satisfied by every 
function in 1U(XO) = X. 

It should be remarked that in general the family X of all 
continuous functions on a compact space X need not be a separating 
family. In case X is a compact Hausdorff space, however, it is 
well-known that X is a separating family: if x ? y, there exists 
a continuous function f on X such that f(x) = 0, f(y) = 1. 

3. Linear Ring Formulations of the Generalized Theorem. We 
are now ready to discuss the approximation problem when the speci- 
fied algebraic operations used in the construction of approximants 
are the linear operations and multiplication. Since the product 
of two continuous functions is continuous we see that the family X 
of all continuous functions on a topological space X is a commuta- 
tive ring with respect to the two operations of addition and multi- 
plication, and a commutative linear associative algebra or linear 
ring with respect to the operations of addition, multiplication, 
and multiplication by real numbers. Hence the formally stated re- 
sults of this section constitute what may be called the linear- 
ring formulation of the generalized Weierstrass approximation 
theorem. 

If we now designate by U(X.) the family of all functions gene- 
rated from XQC:X by means of the linear-ring operations and uniform 
passage of the limit, we have to note a slight modification which 
must be made in the general statements made in the lattice case. 
If f and g are uniform limits of the sequences ff and gn respec- 
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tively, the product fg is not in general the uniform limit of the 
sequence f.g. - consider, for example, the case where f = g is a 
non-bounded function and f - f, is the constant 1/n. We shall 
therefore suppose that X consists of all bounded continuous func- 
tions on a topological space X, this boundedness restriction being 
automatically satisfied when X is compact. By virtue of this re- 
striction we can apply the inequality 

I fg - fngj g 9 If I 1 - gn + 19 IIf - fn I + If - f, I 1g -gn 

to show that when fn and g. are uniformly convergent sequences in 
X their respective limits f and g are in X and that the sequence 
fngn converges uniformly to the product fg, in X. When X.cX we 
see as before that U(X0)cX. 1t(Ut(JO)) = u(3co). It is easy to see 
that ii(x0) consists of all those functions, necessarily in X, which 
are uniform limits of polynomials in members of X0 - in other words, 
f c X is in i(X, ) if and only if, whatever the positive number 6, 
there exist functions f 1... fn and a polynomial function 
P(1 ...1 ) of the real variables 6 ,!fn with p(O.. 0) = 0 
such that f(x) - p(fI(x),..., fn(x))) < e for every x in X. 

Now in order to prove our principal theorem we shall establish 
a very special case of the cla.ssical Weie,rstrass approximation 
theorem,using for this purpose direct and elementary methods which 
do not depend on any general theory. The result we need is the 
following proposition. 

Theorem 4: If c is any positive number and a < 8 ? /3 any real 
interval, then there exists a polynomial p(e) in the real variable 
f with p(O) 0 such that 6 p() < E for a. i 6 ? 3. 

Proof: Unless the point 6 0 is inside the given interval 
(a,,8), we can obviously take p(f) = :i ~. Thus there is no loss of 
generality in confining our attention to intervals of the form 
(-y,y) where y > 0, since the given interval (a,,3) can be included 
in an interval of this form. Moreover it is obviously sufficient 
to study the case of the interval (-I 1) since, if q(77), q(0) = 0, 
is a polynomial such that I IqI - q(-) < c/y for -1 < 77 ? 1, then 
p(e) = yq(f/y), p(0) = 0, is a polynomial such that 1lI - P(6)I < 
C for -y - ! y. We shall obtain the desired polynomial q for 
the interval -1 7; 7r S 1 as a partial sum of the power series devel- 

opment for W1 - where 1 - 1 72* The validity of the development 
has to be established directly. 

We commence by defining a sequence of constants a.k recursively 
from the relations 

n + n- k 

1= /2, 9k = a aan for k : 2. 
a, n21 
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k= n 

It is obvious that ak > 0. Putting c, n 0 k we can show in- 

k = 1 
ductively that n < 1. In fact we have a1 = a = 1/2 < 1 and note 
that o-n < 1 implies 

n+1 n+l i+j=k n 

nl lo,1 = 1 + 1 a7 7 aa. 1 + 1 a.a. n +l 1 k 2 2 i ] - 2 2 t S 

k=2 k=2 i, j>, j=l 

?21 ( 1 + a2 ) < 1. 
2 

co 

Accordingly the positive term series ak converges to a sum 0- 

k=1 
co 

satisfying tfie inequality cr < 1; and the power series 47 ak^ k 

k=1 
converges uniformly for H ? 1 to a continuous function oi(). It 
is now comparatively easy to identify this function with the func- 
tion 1 - 1 To do so we prove that or( )(2 - oi()) =U. Look- 
ing at the partial sums of the power series for oi(.)9 we observe 
that 

n n n n 

(~~7 cLiVi) (2 - j cr) 2 a .. at - 

i= j= k=l i , j=l 

n n i+ j2n+ 1 

= 2 a - 2 7 ak; - ck a.a. 

k=1 k=2 1?i,j?n 

i+ j n+1 

= 
- 41z 

aiajCi+ 

1< i, j?n 

in accordance with the definition of the coefficients ack. The 
final term here can now be estimated as follows: 
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i+ jn+ 1 i+ j 2n+ 1 00 i + jk 

z a iai C i~+ j| i LaiJ 

1. Sn 1 i, j -Vn k n+l i,j1 

?2 7 ck 

k n+1 

When n becomes infinitei therefore, this term tends to zero; and 
passage to the limit in the identity above accordingly yields the 
relation-o-(G)(2 - a) = . For each G such that -1 ? 4 ? 1 we 

have o-(4) = 1 ? 4J - 4. Here we decide upon the choice of sign by 
showing that o-(4) < 1, an inequality incompatible with the upper 
sign. It is evident that ar(1) 1, independently of the choice of 

co 

sign, and hence that a= 0(1) = 1. Inasmuch asak ispositive 

k = 1 
it follows that o(4) ai(j J) ? a(1) = 1, as we intended to show. 

It is now clear that the power series for 41 is given by 

o-- a ao 
J1T-7 1 - oi 4) = 1 - a = ~L k (1 - k ). 

k-l k=l 

Taking X7 so that -1 7 X7? 1, we have 0 < 1 2 < 1 and hence 

co 

I-H = 4-77 1 - o( 1 - 72= t(l - (1 -12)h) 

k=1 

the series being uniformly convergent. The general term of this 
series is a polynomial in 7X which vanishes for 77 = 0. Hence we 
can take a suitable one of its partial sums as the required poly- 
nomial q(X), thus completing our discussion. 

We are now ready to give our principal results concerning the 
generalization of the Weierstrass theorem for the linear-ring op- 
erations. 

Theorem 5: Let X be a compact space, X the family of all con- 
tinuous real functions on X, X0 an arbitrary subfamily of X, and 
U(X0) the family of all functions (necessarily continuous) gen- 
erated from X)C by the linear ring operations and uniform passage to 
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the limit. Then a necessary and-sufficient condition for a func- 
tion f in X to be in U(X0) is that f satisfy every linear relation 
of the'form g(x) = Oorg(x) = g(y) which is satisfied by all func- 
tions in X0. If X0 is a closed linear subring of X - that is, if 

Xo= 1(-X0 ) - t hen X0 is characterized by the system of all the lin- 
ear relations of this kind which are satisfied by every function 
belonging to it. In other words, XCO is characterized by the par- 
tition of X into mutually disjoint closed subsets on each of which 
every function in X0 is constant and by the specification of that 
one, if any, of these subsets on which every function in X0 van- 
ishes. 

Proof: By virtue of Theorem 4, we see that if f is in 11(X0) 
then lfl is also in 11(X0). Indeed, since X is compact, the func- 
tion .f is bounded. Assuming accordingly that a ? f(x) ? ,8 for all 
x, we can find a polynomial pn (6) such that 1 161 - Pn (6) I < 1/n 
for a < < /3, whi le pn (O) = 0. It is clear that pn(f) is in 11(XQ) 
and that I lf(x)l - Pn(f(X))l < 1/n for all x in X. Hence lfl is 
the uniform limit of functions - namely, the funct;ons pn(f) - in 
11(X0). Thus ifl is in 11(X0), as we wished to prove. By virtue of 
the formulas (*) connecting the operations UJ and n with the opera- 
tion of forming the absolute value, we now see that whenever f and 
g are in 1(X0) then so also are fug and fng - in other words, o(X0) 
is closed under the linear lattice operations, aswell as under the 
ring operations and uniform passage to the limit, The characteri- 
zation of closed linear sublattices of X given in Theorem 3 ap- 
plies, naturally, to U(XO). It is easy to see that none of the 
characteristic linear relations can be of the type (4) described 
there. In fact, if every function in 11(X0) were to satisfy a lin- 
ear relation of the form g(x) = Xg(y), we would find for every f 
in U(X ) that, f2 being also in 1(X0), the relations f(x) = Af(y) 

f2(x) = Xf2(y), X2f2(y) = Xf2(y) would hold; and we would conclude 
that f(y) = 0 for every f in 11(X0) or that X = 0, 1. Thus we con- 
clude that f is in U(X ) if and only if it satisfies all the lin- 
ear relations g(x) = 0 or g(x) = g(y) satisfied by every function 
in X0. The first characterization of the closed linear subrings 
of X given in the statement of the theorem follows immediately. 
As to the second characterization, we remark first that the rela- 
tion defined by putting x y if and only if f(x) = f(y) for all 
f in XO is obviously an equivalence relation stronger than the 
natural equality in X: x = y implies x = y;xE y implies y x; 
x y and y z imply x z. Consequently, X is partitioned by 
this equivalence-relation into mutually disjoint subsets, each a 
maximal set of mutually equivalent elements. The set of all points 
y such that x =,y is just that partition-class which contains x. 
Since this set is the intersection or common part of all the sets 
Xf = (y; f(x) = f(y)) for the various functions f in CX0 and since 
each set X is closed by virtue of the continuity of f, we see 

that the partition-class containing x is closed. If x and y are 
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in distinct partition-classes, then there exists a function f in 
XO such that f(x) ;? f(y), since otherwise we would have x y and 
the two given partition-classes could not be distinct. If a parti- 
tion-class contains a single point x such that f(x) = 0 for every 
f in X0, then all its points obviously have this property. On the 
other hand, at most one partition-class can contain such a point 
since, if x and y are points-such that f(x) = 0, f(y) = 0 for every 
f in Xo,then f(x) = f(y) for every f in X.J, x = y,.and x and y are 
in the same partition-class. We cannot expect that an arbitrary 
partition ofXinto mutually disjoint closed subsets can be derived 
in the manner just described from some closed linear subring XO of 
X. However, partitions obtained from distinct closed linear sub- 
rings are necessarily distinct - except in the case where one sub- 
ring consists of all the functions in X which are constant on each 
partition-class and the other consists ofall those functions which 
are in the first subring and in addition vanish on one speci.fied 
partition-class. Thus we.see that a closed linear subring is spec- 
ified by the partition of X into the closed subsets on each of 
which all its members are constant and the specification of that 
particular partition-class, if any, on which all its members vanish. 

We have at once a pair of useful corollaries. 
Corollary 1: In order that 1(X0) contain a non-vanishing con- 

stant function it is necessary and sufficient that for every x in 
X there exist some f in 3, such that f(x) A 0. 

Corollary 2: If X0 is a separating family for X, then 1(X0) 
either coincides with X or is, for a uniquely determined point x0, 
the family of all functions f in X such that f(xo) 'O. If, con- 
versely, X is a separating family for X and U(XO0) either coincides 
with X or is the family of all those f in 3X which vanish at some 
fixed point x0 in X, then X0 is a separating family. 

Proof: If X0 is a separating family, so also are U(X0) and X. 
Hence the partition-classes associated with U(XO) must each con- 
sist of a single point. It follows that 11(X0) must be as indi- 
cated. Conversely, when X is a separ-ating family and U(XO) is as 
stated, then 11(XO) is a separating family. If it were not every f 
in 1(Xo) vanishes at some point xo; and there would exist distinct 
points x and y in X such that fo(x) = fo(y) for every fo in 11(X0). 
Consider now an arbitrary function f in X. Clearly the function 
fo defined by putting fo(z) = f(z) f(xo0) is continuous and van- 
ishes at x . Thus fo is. in U1(XO), the equation fo(x) = fo(y) is 
verified, and in consequence f(x) = f(y). Thus we find that f(x) 
= f(y) for every f in X, against hypothesis. Since 11(X0) is a 
separating family, XO must be also. Otherwise, of course, there 
would exist distinct points x, y in X such that fo(x) = f0(y) for 
every fo in X ; and then the equation f(x) = f(y) would hold for 
every f in 11(10), contrary to what was just established. 

4. The Characterization of Closed Ideals. In developing ef- 
fective general algebraic theories of lattices, linear lattices, 
and rings, it has been found useful to introduce the concept of an 
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ideal. Although ideals are independently defined in the different 
algebraic circumstances mentioned, their theoretical r^oles do not 
differ much from one case to another. Because the results of the 
preceding sections easily yield characterizations of those ideals 
in X (the family of all continuous real functions on a compact 
space X) which are closed under uniform passage to the limit, it 
seems worthwhile to digress from the main line of our discussion 
long enough to present the very useful facts available in this do- 
main. This we shall now do without further detailed analysis of 
the concept of an ideal. 

When we think of X as a lattice - the only algebraic opera- 
tions taken into consideration being the operations t and ( - we 

definet an ideal X0 to be a non-void subclass of X which contains 
fvg together with f and g, and which contains fag together with f. 
The second condition of this definition is evidently equivalent to 
the requirement that XO should contain gwhenever it contains f and 
f(x) 2 g(x) for every x. We now have the following characteriza- 
tion of the closed ideals in X. 

Theorem 6: Let X be the lattice of all continuous real func- 
tions on a compact space X, X0 an arbitrary subfamily of X, F0 the 
extended-real, function defined on X through the equation F0(x) 
= sup f(x), and Do the family of all those functions f in X such 

f 6 Xo fe0 
that f(x) ? F,(x) for every x in X. When XO is void, F0(x) = -a) 
for every x and Do is void. Otherwise, Do is the smallest closed 
ideal containing XE; and X, is a closed ideal if and only if XO 

D o. . A closed ideal X O is characterized by the associated func- 
tion F0o 

Proof: As indicated in the statement of the theorem, we per- 
mit +O and -c to appear as values of Fo when necessary. When XO 
is non-void, it is easy to verify that Fo(x) ? -C for every x and 
that Do is non-void and is a closed ideal in X. For example, if 
f is in DO and g(x) ? f(x) for every x, then obviously g(x)? Fc(x) 
for every x and g is in Do. If )O is a closed idealk we can show 
that X0 = D. To do so we examine the relations between Fo and 
the planar sets XO (x,y) which characterize XO as a closed sub- 
lattice of X in accordance with Theorem 2. First of all, it is 
evident that Xo(x,y), and hence also its closure Xo(x,y)*, must be 
contained in the set of points (a,/8) such that a < Fo (x) and 3 < 
Fo(y). On the other hand, (Fo(x), FO(y)) is a limit point of 
XO(x,y) and is therefore in-Xo(x,y) *, as will be verified at once. 
If e < 0, then there exist functions f and g in XO such that f(x) 
> Fo (x) - , g(y) > F.(y) - e for any prescribed pair of points x, 
y in X. The function h = fvg is in the ideal XO and satisfies the 

tBecause of the familiar duality between the two operationvu andn, there 
is also a dual definition in which the roles played here by these operations 
are interchanged. 
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relations h(x) > f(x) > F (x) - E, h(y) ? g(y) > F. (y) - E. Thus 
(h(x), h(y)) is a point in X1(x,y) and Ih(x) - F0(x)j < E, lh(y) 
- Fo(y)I < E, so that (Fo(x), Fo(y)) is in Xo(x,y) as we wished 
to prove. Now we establish the fact that f is in XO when f(x) 
< F (x) for every x. Let f be the function in X defined by put- 
ting fE(x) = f(x) - E, E > 0. If x, y are. arbitrary points in X, 
an argument similar to that just carried through shows that there 
exists a function h in X0 satisfying the inequalities h(x) > f,,(x) 
= f(x) - e, h(y) > fe (y) = f(y) - E. The function. f = hnf'f then 
belongs to the ideal XO and has the property that f(x) - f X y(x) 
- El f(Y) - f (y) = E. By Theorem 1 we conclude that f is the 
uniform limit of functions in the closed ideal X and hence that f 
is itself in XO. We have now shown that gOCXO. Since XOC , by 
construction, we conclude that XO = DO under the present hypoth- 
esis. Returning to the case where X0 is an arbitrary non-void faim- 
ily, we consider a closed ideal X1 containing X0. Evidently X 
has an associated function F1 such that Fl(x) > Fo(x) for every x. 
Hence Xi = D,C @. Thus 9O is the smallest closed ideal containing 
X0. With this the proof of the theorem is complete. 

Next we shall consider the case where X is treated as a lin- 
ear lattice - the algebraic operations allowed including the lin- 
ear operations as well as the two lattice operations. Here an 
ideal is to be defined as anon-void class closed under the allowed 
algebraic operations and enjoying the additional property that it 
contains with f every g such that |g(x)l ? I|f(x)I for all x. Our 
principal result concerning closed ideals is essentially due to 
Kakutani L2]; it follows from Theorem 3 much as Theorem 6 follows 
from Theorem 2. ? 

Theorem 7: Let X be the linear lattice of all the continuous 
real functions on a compact space X, let X0 be an arbitrary non- 
void subfamily of X, let XO be the closed set of all those points 
z at which every function f in X0 vanishes, and let X0 be the fam- 
iily of those functions f in X which vanish at every point of X0. 
7'hen )0 is the smallest closed ideal containing X0; and X0 is a 
closed ideal if and only if X0 = )0. A closed ideal X0 is charac- 
terized by the associated closed set XO; in particular, X0 = = X 
if and only if XO is void. 

Proof: It is evident that is a closed ideal containing XO. 
For example, if f is in Do and Ig(x) |< jf(x)j for every x, theng 
vanishes everywhere on XO and therefore belongs to DO. If XO isa 
closed ideal we can show that XO = Po. To do so we refer to 
Theorem 3 and consider what linear relations of the form indicated 
there can be satisfied by every function in XO. Obviously the 
pairs of points x, y which have one or both members in XO are of 
no further interest, as the corresponding linear conditions are 
those of types (1) and (2), the effect of which has already been 
taken into account through the introduction of the closed set XO. 
Turning to the case where x and y are distinct points not in XO, 
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we first remark that if we have f(x) = f(y) for every f in X then 
no effective restriction is implied by the linear relation corre- 
sponding to the pair of points in question. Assuming therefore 
that g is a function in X with g(x) / g(y), we may suppose without 
loss of generality that g(x) = 1, g(y) = 0 - for we may replace g 
if necessary by the function h defined through the equation 

h(z) = g( ) __g(Y) for all z in X. Since x is not in XO there is 
g(x) - g(y) 

a function f in XO such that f(x) ? 0. We may suppose withoutloss 
of generality that f(x) > 1 for we may replace f if necessary by 
the function h = caf with a suitable value of a. The function 
h = |fJn1gl is now seen to be in the ideal XO and to satisfy the. 
equations h(x) = 1, h(y) = 0. Accordingly no linear relation of 
type (3) or type (4) is satisfied by h. Hence the linear rela- 
tions which characterize X as a closed linear sublatticeof X re- 
duce effectively to those implicit in the statement that every 
function in XO vanishes throughout X0. It follows that XO = 
Obviously if XO is an arbitrary non-void family and Xi is a closed 
ideal containing XO then the associated closed set X1 is part of 
X0; and X= This completes the proof of the theorem. 

Finally we take up the case where X is to be regarded as a 
(linear) ring - the algebraic operations considered being addition 
and multiplication (and multiplication by real constants). Here 
an ideal is defined as a non-void subclass of X which contains 
f + g whenever it contains f and g, and which contains fg whenever 
it contains f. Since multiplication of f by the real number a is 
equivalent to multiplication of fby the constant function g every- 
where equal to a, we see that an ideal automatically contains af 
together with f. Our main result reads exactly like Theorem 7, 
differing from it only in the interpretation which has to be given 
to the term "ideal." 

Theorem 8: Let X be the linear ring of all the continuous 
real functions on a compact space X, let X0 be an arbitrary non- 
void subfamily of X, let XO be the closed set of all those points 
x at which every function f in X0 vanishes, and let % be the fam- 
ily of all those functions f in X which vanish at every point of 
XO. Then Do is the smallest closed ideal containing X0; and X is 
a closed ideal if and only if X0 = g)0. A closed ideal XB, is char- 
acterized by the associated closed set X0; in particular, X =D 
= X if and only if X0 is void. 

Proof: It is evident that % is a closed ideal containing X0. 
For example, if f is in 0 and g is arbitrary, then fg vanishes 
throughout XO and is therefore a function in ko. If XO is a 
closed ideal it is a closed linear subring. By using Theorem 5, 
we can show that X = o. The argument ik much like that applied 
in the discussion of the analogous relation in Theorem 7. Since 

XO is characterized by the set XO and the linear relations of the 
form g(x) =g(y) (where x and y are outside XO) which are satisfied 
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by every function in Xot we have to eliminate the latter by ap- 
pealing to the fact that IO is an ideal. If the condition g(x) 
= g(y) is satisfied for every g in X, then there is no effective 
condition corresponding to the pair of points x, y. If there is 
some function g such that g(x) Ag(y), we may suppose that g(x) =1, 
g(y) = 0. Since f can be found in XO so that f(x) = 1, the func- 
tion h = fg is in. X and h(x) = 1, h(y) = 0. Hence there is no 
condition of the form g(x) = g(y) which is satisfied by all func- 
tions in X)OO This establishes the identity of XO and DO. The re- 
mainder of the discussion follows exactly the lines laid down in 
the proof of Theorem 7. 

The connection between Theorems 7 and 8 is made plain by the 
following theorem. 

Theor.em 9: If X is the family of all continuous real func- 
tions on a compact space X, then X is both a linear lattice and a 
(linear) ring. A non-void closed subfamily X0 of X is a linear- 
lattice ideal if and only if it is a ring-ideal. 

Proof: The result follows immediately from a comparison of 
Theorems 7 and 8. It would also be possible to give a proof by 
direct examination of the ideal-properties. Thus, if X)o is a 
closed linear-lattice ideal, we show it to be a ring-ideal as fol- 
lows. If f is in X0 and g in X, then a can be found so that 
| g(x) j ? a for every x - and it therefore follows that the product 
h = fg satisfies the relations 

|h(x)| = |f(x)g(x)l ? ltaf(x)I = ( (af)(x)I 

and hence belongs to X0 along with f and af. On the other hand, 
if XO is a closed ring-ideal, it is a closed linear sublattice by 
virtue of Theorem 4. In particular, X0 contains Ifl together with 
f. Thus, if f is in IO and g is in X, the function hn defined by 

putting h (x) = If(x)lg(x)/(lIf(x)l +1- ) for all x is in XOe If g 

satisfies the inequality Ig(x)I | I |f(x)I for every x, then 

1g(x) - h (x)I ? lg(x)l/(nlf(x)I + 1) ? If(x)I/(nlf(x)l + 1) 
1~~~X / 1' \5 1 X 

n ( nlf(x)J + 1) n 

Since the sequence h thus converges uniformly to g, we see that 
g is in Xo also. 

( to be continued in the next issue) 
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CONCRUENCE METHODS AS APPLIED TO DIOPHANTINE ANALYSIS 

by 

H. V. Vandiver 

A fruitful method for the study of many mathematical ques- 
tions is the application to them of the theory of arithmetical 
congruences, altho the questions themselves do not involve explic- 
itly the latter concept. Among such applications is that of 
Hasse to algebraic geometry and function theory. The writer in 
the year 1940 set up an arithmetical theory of the Bernoulli num- 
bers based on the idea that if a - b 0 (mod p), with a, b, and p 
integers, and a and b independent of p, where p is any prime, then 
it follows that a = b, that is from certain congruences we may 
derive equations. On the other hand we may in a sense reverse 
this procedure by showing that if certain congruences are impossi- 
ble then the corresponding equations are impossible, as was done 
in a recent paper of the writer' s.t The point of view which was 
employed in the latter paper was a bit different from that used by 
previous investigators along these lines. The usual thing has 
been the examination of a single Diophantine equation such as 

(1) f(x,y, z) - x4 + y4 - 3z4 = Q 

and using congruences with small moduli to show that it was impos- 
sible iti int ers x, y and z not all zero. For example it is quite 
easy to s TT that f(x,y, z) 0 (mod 3) is an impossible congru- 
ence unless x, y and z are each divisible by 3, and consequently 
(1) is impossible for xyz / 0. Here we were very fortunate in 
that the first odd prime we tried as a mpdulus yielded our result. 
But we would never have proved that 

(2) x3 + 3y3 = 22 

is impossible by such a method, as the congruence 

(3) x3 + 3y3 - 22 (mod m) 

*H. Hasse, Abh. Ges Wiss Gottingen. Math-Phys. Ki., III. F. H. 18, 
51-55 (1937). 

**Proc. Amer. Math. Soc., 51, pp. 502-31 (1942). 
tProc. Nat'l Acad. Sci., 32, pp. 101-6 (1946). 

a method used to show that 4+ y4 3z4 0 O (mod 5) is impossible, 
xyz ,# 0 (mod 5), in last reference p. 102. 
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has solutions for every integral modulus m, yet, (2) in fact, is 
impossible. In direct contrast to this situation, Hasse** proved 
that the bilinear equation 

f(xixj) X 'j aiaj xi xi 
0 

is solvable in integers if and only if 

f(xi,x.) 0 (mod m) 

is properly solvablet for every integer m. 
As in our previous paper, we do not start by considering a 

single Diophantine equation and applying congruence methods to it, 
we proceed in a reverse fashion and begin by setting up classes of 
impossible congruences and inferring that the corresponding classes 
of equations have no solutions. Also, we seek, and in some cases 
find, theorems which enable us to isolate impossible congruences 
with little of the element of trial being employed. 

Consider first the congruence 

(4) aXm + bYm + 1 0 (mod p), 

ab X 0 (mod p); p prime; and consider the solutions X and Y # 0 
(mod p). Further, let p = 1 + cm and suppose that g is a primi- 
tive root of p. Then (4) may be written in the form 

(5) 1 + gi+mx = gj+mY (mod p) 

where g1 = a, gJ -b; 0 : i < m, 0 < j < m, and our problem is to 
find the possible sets x, y which satisfy this congruence for i 
and j fixed. Since gp -1 1 gmc ( 1tmod p), it is sufficient to 
take 0 < x < c; 0 y < c. Let the symbol (i,j) denote the number 
of different sets x,y which satisfy (5). Then we knowtt that if 
gE -1 (mod p), 

(6) (i,j) = c for j / 0; (i,O) = c - 1; 

i-O i i=O 

*Skolem, Avh. Norske Vid. Akad. Oslo I, no. 4 (1942). The writer has 
been unable to consult this article, but has read a review of it in Mathemati- 
cal Reviews. 

**Crel le, 152, pp. 129-148 (1923). 
tProperly solvable means here thtt (xa,m) = 1 for each a. 
tMitchell, Annals Math. 17, 165-177 (1916). 
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and 

rn-i rn~~~~~-i 

(7) (i,j) = c, for i # c; (6,j) = c -1; 
j-O j=O 

it follows from these relations that if c < m + 1 then at least 
one of the (i,j) in (5) is zero. Hence we are now in a posi tion 
to set up, without trial, a number of impossible congruences, by 
taking various values of p = 1 .+ mc, choosing c < m + 1 and calcu- 
lating directly the numbers (i,j ) in (5) . For this purpose it is 
convenient to use Jacobi' s tables which give the values h and k in 

(8) gh + 1 gk (mod p), 

for each prime p < 100. For example m = 4, c = 3 and p = 13 in 
(5) give the result that ((0, 3), (0,0), (1,2), (2,0), (2, 2) and 
(3,1) are all zero when g = 2. The relation (1,2) = 0 shows that 

(9) 1 + 2u4 4v4 (mod 13) 

has no solutions with uv , 0 (mod 13) . If u 0 (mod 13) then 
v # 0 (mod 13) in (9) whence 4vt4 = 1 (mod 13) or 43 = 1 (mod 13) 
which does not hold. Hence u , 0 (mod 13). Similarly if v 0 0 
(mod 13) then u , 0 (mod 13) whence 23 = _ 1 (mod 13) which is also 
impossible consequently v # 0 (mod 13) in (9), hence that congru- 
ence has no solutions whatever, giving the result that 

(10) 1 + 2u4 = 4v4 

is impossible, but this is atr otherwise obvious result since the 
left-hand member is odd and the right even. However, if we multi- 
ply (10) by the integer 5 we obtain since 5 31, 20 7 (mod 13), 

(11) 7v4 - lOu4 31 (mod 13), 

which is a congruence having no solutions since (9) has none. 
Consequently the equation 

7 v4 _ 1u4 = 31 

has no solutions, a result which does not appear trivial. In gen- 
eral if s X 0 (mod 13) we have from (9) the result that 

(12) (s + 13tj) + (2s + 13t2) u4 = (4s + 13t3) v4 

has no solutions for s any integer not divisible by 13 with tl,t2 
and t3 arbitrary integers. This result follows directly from the 

*Cre lie, 30, pp. 181-82 (1846); Werke VI, 272-4. 
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fact that (9) is impossible since we obtain, if (12) does have 
solutions in u and v, using s + 13t- s (mod 13) etc., 

(13) s + 2su4 4sv4 (mod 13), 

and multiplying thru by sl, with ssJ = 1 (mod 13), we obtain (9). 
Using the other (i,j), s in (5) which. were zero for m = 4, c = 3 
we find that 

s + 13t1 + (s + 13t2) u4 4 (8s + 13t3) v4 

s + 13t1 + (8s + 13t2) u4 4 (2s + 13t3) v4 

are impossible with s and the t's defined as before. (Induction 
indicates that congruences with no solutions may be found of the 
form (5)., with m much less than c. For example it is known that, 
if xy , 0 (mod 491), 

x + y7 + 1 0 (mod'491) 

is impossible.) Also if we take h = 31, m = 5 with c = 6, we find 
that for g = 3, (3,3), (4,4),,(0,1), (0,2), (1,0) and (2,0) are 
all zero. The first two relations yield the result that 

s + 31t1 + (27s + 31t2) u5 = (27s + 31t3) v5 

s + 31t1 + (l9s + 31t2) u5 = (l9s + 31t3) V5 

are all impossible for s # 0 (mod 31) with s and the t's defined 
as before. In view of the above we have the Theorem I. To find 
classes of trinomial equations with no solutions consider the con- 
gruence 

(14) axm + 1 bym (mod p) 

for some prime p of the form 1 + cm with c < m + I. For at least 
one set of values of a and b (14) wil l have no solutions except 
possibly for x or y divisible by h. If (a,b) is a set such that 
(14) has no solutions then determine if an x exists with axm - -1 
(mod p) and y such that bym 1 (mod p). If neither of these con- 
gruences is satisfied then each of the equations 

(sa + t1p) + (s + t2p) um = (sb + t3p) vm 

is impossible in integers if s is any integer prime to p and t1, 
t2 and t3 are arbitrary integers. 

'T'he method may be extended to congruences of the form 

(15) axm + bym = dzm (mod p), 
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abd )i 0 (mod p). If we assume that y , 0 (mod p) then division 
by bynm gives 

(16) a/b x4 + 1 d/b z'j (mod p). 

If however y 0 (mod p) then it follows that 

axm = dzm (mod p), 

and if this congruence has no solutions aside from x z 0, then 
(15) has no solutions if also (16) has none, so in the latter event 

axX + by' = dzm 

is impossible in integers with xyz I 0, since, unless xyz = 0, we 
may assume that one of the integers x, y, z A 0 (mod p). For ex. 
ample, using (10), the equation 

(17) 7v4 - 31w4 = 1Ou' 

is impossible, since, assuming w4 # 0 (mod 13) and dividing thru 
by -31w 4 we get 

(18) 2u + 1 4 

which has no solutions. If w4 - 0 (mod 13) then (17) gives 

7v 4= lOU4 (mod 13), 

which yields, assuming uv # (mod 13), 73 = 103 (mod 13) which is 
impossible. We may state a theorem, analogous to Theorem I, to 
cover these homogeneous equations. 

Multiplying impossible congruences such as (9) thru by an in- 
teger prime to the modulus is a speci al case of the resul t that 
such congruences have the multiplicative property that if f, 
(u,v) 0 (mod p) and f (u ,vl) 0 (mod p) are impossible con- 
gruences in u, v, u1, v, then f1 f2 0 (mod p) is also impossible. 
We shall now show that it is possible to obtain impossible equa- 
tions by addition of a certain kind. 

Let f1(u(., u) u(i)) be a polynomial in the u's with 
integral coefficients, i = 0, 1,..., n-i and suppose that fi 
homogeneous in the u' s for i ? n - 1 and is of degree ? n - i, 
i > 1 and f. 0 (mod p), for i < n - 1, has only the solutions 
u1 U2 u8) 0 (mod p), and further that 

(19) f (u(n-1) u( ,**, u(n-1)) 0 (mod p) 

has no sclutions, we may then show that the equation 
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n-1 

(20) pifj(u ( ) u ( .. ., u(l)) = 0 

i-=O 

has no integral solutions in the u's. For if it has solutions, 
then reduction modulo p gives 

f 0(u 1 u 2 (?,. u(?)) 0 (mod p), 

and by hypothesis it then follows that u u) u 

(mod p). Substituting these values in (20) gives, since fo is h o- 
mogeneous and of degree n, 

n-1 

(21) pif(u(i), U u()) - 0 (mod pn); 

whence 

flu(l)u ( ., u(1)) 0 (mod p). 

Now fl is of degree > n - 1 and homogeneous, as well as solvable 

only for u u u(1) 0 (mod p). Hence substitution 
of these values in 

(21) gives 

fi(?H? ?eS) --O(mod pn-1), 

and 

n- 1 

2,, p1fi 1) U 
2 ., u( ) 0 (mod pn). 

i =2 

Proceeding in this way we obtain finally the relation (19), but we 
stated initially that thi.s congruence had no solutions hence (20) 
has no solutions in integers under the conditions stated concern- 
ing the f's. 

We now apply the same idea to homogeneous equations. Consider, 
where each h is a polynomial with integral coefficients, 
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n.1 

(22) \ plhi-(x(1 xs2 x = 

i=O 

and suppose that each h is of defree t > n and that each hi 0 
(mod p) has only the solutions x. - 0(mod p) with i any of the 
integers 0,1,..., n-i and for j = 1,2,.. ., s. Further not all the 
x's in (22) are zero. T'hen (22) has no integral solutions in the 
x'#s. For in the first place, if (22)' has each x divisible by pk, 
but not all divisible by pk + 1, then dividing said equation thru by 
pk t we obtain 

n . 

(23) N pihi(y(i) (i) y(i)) = 0 
i lh Xi o Y 
j0 

with not all the y's divisible by p. NI'odulo p, this yields 

hb(Y y(2)*..* y(O)) 0 (mod p), 

and since by hypothesis this has no solutions in the y' s except 

Y(0) y () y() 0 (mod p) we find from (23) 

ni 

giving hi 0 (mod p) and proceeding as in our treatment of (21) 
we find finally that 

hn (Yln ,*.., y(n-)l 0 (mod p), 

giving y1n-l) _ y(n- ) 0 (mod p) which contradicts our 
hypothesis concerning (23), that not all the Y(J); i = 0, 1,..., 

n-i; j = 1,2,. ., s are divisible by p. Hence (23), and therefore 
(22) has no integral solutions unless the x's are all zero. 

We may apply the method described in Theorem I to non- 
homogeneous equations. * 
Consider 

1 + ax4 by3 (mod 13). 

*This problem is being investigated in general by Mrs. E. H. Pearson of 
Rice Institute. 
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Now 2 is a primitive root of 13, and if [i,j] represents the num- 
ber of solutions a,,/, in 

1 + 2i+4a - 2j+3 (mod 13) 

we find that [0,0], [3, 1], [2,2], [1,0] are all zero and using 
these we discover that 

s + 13t1 + (8s + 13t2) u4 = (2s + 13t3) v3 

s + 13t1 + (4s + 13t2 ) u4 = (4s + 13t3) v3 

are all impossible in integers u and v if x is any integer # 0 
(mod 13), and t1, t2 and t3 are arbitrary intege-rs. For example 
the second relation gives for s = 10, v3 u4 = 10. 

'Similarly, using the modulus 31 we find that none of the 
equations 

s + 31t1 + (as + 31t2) x6 = (bs + 31t3) y5 

are solvable in integers x and y if a and b have any of the follow- 
ing sets of values: 
1,9; 1,19; 9,3; 27,27; 19,9; 19,19; 26,3; 26,9; with s and the t's 
defined as before. 

As is well known, Diophantine equations of higher degrees 
have been little studied. The methods of the present paper enable 
us to set up, extensive tables setting forth such Diophantine 
equations with no solutions. If this were done it might be valu- 
able to a future investigator along these lines who, having possi- 
bly at hand much deeper methods than those we employ, would like 
to know in advance that certain classes of Diophantine equations 
were impossible of solution in integers, so that he would not have 
to try to apply his methods to them. 
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Edited by 

H. V. Craig 

This department will present comments on papers previously 
published in the Mathematics Magazine, lists of new books, and 
book reviews. 

The purpose and policies of the first division of this de- 
partment (Comments on Papers) derive directly from the major ob- 
jective of the Mathematics Magazine which is to encourage research 
and the production of superior exposito-ry articles by providing 
the means for prompt publication. 

In order that errors may be corrected, results extended, and 
interesting aspects further illuminated, comments on published 
papers in all departments are invited. Comments which express 
conclusions at varia nce with those ofthe paper under review should 
be submitted in duplicate. One copy will be sent to the author of 
the original article for rebuttal. 

Communications intended for this department should beaddress- 
ed to 

H. V. Craig, Department of Applied Mathematics, 
University of Texas, Austin 12, Texas. 

The use of mathematics in government research. This comment 
by Kay L. Nielson of the Naval Ordinance Plant at Indianapolis is 
an interesting addition to the articles of Bollay and Sokolnikoff 
in the Nov. - Dec. issue. 

lhe practice of employing mathematicians in industrial and 
governmental research, the need for changing the training of math- 
ematicians to fill these positions and the possible opportunities 
in future years have all been rather widely discussed in recent 
years. Thus a symposium on these subj ects was held at Pomona 
College on March 8, 1947. An address on the "Industrial Math- 
ematicians" was presented before the American Society for Engineer- 
ing Education. * * Universi ties such as Brown, New York Uni versity, 

*See I. S. Sokolnikoff, "Opportunities for Mathematically Trained College 
Graduates," Mathematics Magazine, vol. XXI, No. 2., Nov.-Dec., 1947, pp. 102- 
105. 

**K. L. Nielsen, "The Mathematical Engineer or the Industrial Mathemati- 
cian," The Journal of Engineering Education, vol. 38, Nov. 1947, pp. 175-180. 
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Massachusetts Institute of Technology and others have established 
some graduate work in applied mathematics. The American Mathemat- 
ical Society has created a Committee on Applied Mathematics.t 
Numerous other examples can be cited. 

An interesting observation which has been made through at- 
tendance of these discussions, reading of reports of meetings and 
articles pertaining to this matter, yields the fact that the air- 
craft industry is used most often as an example t. Whether it is 
the romanticism associated with aircraft or the fact that the in- 
dustry does indeed make excellent use of mathematiGians as such 
which prompts the use of this particular industry as an example, 
is difficult to ascertain. lhat this industry has an excellent 
outlet for mathematical research and presents a very promising 
future for mathematicians cannot le denied and from the viewpoint 
of mathematicians this industry should indeed be commended. Elec- 
trical and communications industries have also been called upon to 
furnish illustrative examplestt. Ihe recent rapid growth of the 
use of mathematical methods in quality control has called upon the 
manufacturers of precision instruments to emphasize desired argu- 
ments. However, in spite of the fact the statements are made with 
the phrase "industrial and governmental research," the government- 
al use of mathematicians has received little or no publicity in 
mathematical journals nor has it been called upon in discussions 
and addresses for illustrative purposes. 

The assumption that it is public knowledge that governmental 
agencies emnploy mathematicians is utterly false. The employment 
by governmental agencies of mathematicians as mathematicians is in 
fact quite recent. They have, of course, always employed statis- 
ticians and this is the usual connotation given to any government 
employed mathematician. Quite frequently when mathematicians were 
employed in a capacity other than statistician they were classi- 
fied as physicists. However, during and since the last war gov- 
ernmentsal agencie-s have employed a considerable number of mathe- 
maticians and have received specific classifications for them. 

At the present time there exists a large number of research 
organizations operated by various agencies of the government who 
employ scientists of all kinds including a sizable number of math- 
ematicians, Many of these organizations operate under the civil 
service plan and the scientists are classified under civil service 
professional ratings. All the rules and regulations of civil ser- 
vice pertaining to initial employment, promotlons, retirement, 
clock hours, etc., including those which are detrimental to greater 
scientific endeavors, do apply to these organizations. 

*Bulletin American Mathematical Society, vol. 53, No. 7., July, 1947, 
pp. 637-640. 

**William Bollay, "The Use of Mathematicians in the Aircraft Industry," 
Mathematics Magazine, vol. XXI, No. 2., Nov.-Dec., 1947; pp. 105-109. 

tK. L. Nielsen: "Industrial Experience for Mathematics Professors," 
American Mathematical Monthly, vol. LIV, No. 2., Feb., 1947; pp. 91-96. 

tt. C. Fry, "Industrial Mathematics," American Mathematical Monthly, vol. 
48, No. 61, Part II, Supplement, June-July, 1941. 
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Information on salary schedules, qualifications and experi- 
ence which govern the professional ratings can, of course, be ob- 
tained from any civil service board. There are also a few scien- 
tific organizations which receive their major support from the 
government but which do not come under civil service. 

The research conducted by these organizations depends upon 
the agencies with which it is affiliated. Many of the laboratories 
which come under the cognizance of the Army, Navy, or Air Force 
department conduct, of course, research connected with military 
problems and with the present scientific state of development of 
modern warfare this covers practically all fields of investigation. 
The late war also emphasized the need for more basic research and 
has thus led to the establishment of basic research projects. 
Consequently, the employment of mathematicians by governmental 
agencies is not always limited to the applied mathematician al- 
though he is heavily favored. 

The primary point is that mathematical research is being con- 
ducted by governmental agencies. This research covers practically 
all fields and all levels. The government can and does offer a 
career for a mathematician. lhe usual approach to such a career 
is through the channels of civil service even though this may not 
be the mos:t desirable approach. As mathematicians and as teachers 
of mathematicians perhaps we should be better informed about the 
opportunities offered by governmental agencies for mathematicians. 

Analy'tic Geometry. By F. D. Murnaghan. 
New York, Prentice-Hall, Inc., 1946. 8 + 402 pages. $3.25. 

The first four chapters are used to introduce Cartesian ref- 
erence systems, coordinates, rays, vectors, weighting coordinates 
of a point, for the one, two, and three-dimensional spaces. Such 
topics as linear dependence of vectors, scalar product, alternat- 
ing product of three vectors, oriented triangles and tetrahedra 
are taken up in addition to the conventional subject matter. 
Matrices and determinants appear in the fifth chapter in connection 
with linear equations: we find column and row vectors, the sum 
and pioduct of two matrices, rank, the adjoint and reciprocal of a 
matrix and orthogonal matrices. These five chapters cover the 
linear part of analytic geometry. 

The remaining chapters take up in order applications of vec- 
tor and matrix theory to the circle (including inversion), sphere, 
parabola, ellipse and hyperbola, and second degree surfaces (cyl- 
inders, cones, surfaces of revolution, ellipsoids,hyperboloids and 
paraboloids). The last two chapters give the reauction to canonic- 
forms of the general second degree equations in two and three var- 
iables, respectively. 
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The author and the publishers are to be complimented on pre- 
senting a modern text. The increased use of vectors and matrices 
in the physical sciences appear to wa'rrant the early introduction 
of these concepts in courses given by mathematicians. It is agree- 
able to read a book on anlytics which does not attemptta cover in- 
adequately and at length topics which are better treated by the 
methods of calculus. 

W. E. Pyrne 

A col lection of papers in memory of Sir Wil liam Rowan Hami lton. 
The Scripta Mathematica Studies No. 2. Published by Scripta Math- 
ematica, Yeshiva College, New York, 1945. 82 pp. 

The editors of Scripta Mathematica have published this col- 
lection of essays in commemoration of the one hundredth anniver- 
sary of Hamilton's discovery of the quaternions, which took place 
in 1843.* It contains a short estimate of Hamilton by D. E. Smith 
an appraisal of Hamilton's early work on optics and partial differ- 
ential equations by J. L. Synge, who also gives a short biography, 
an article by C. C. Mac Duffee on Hamilton' s work in algebra, an 
elementary presentation of quaternion theory by F. D. Murnaghan 
and a contribution by H. Bateman on Hamilton's work in dynamics 
and its influence on modern thought. There is a portrait of Ham- 
ilton with one of his sons, taken circa 1845, a picture of Trinity 
College a century ago and an announcement by the Irish minister of 
posts and telegraph concerning a special Hamilton postage stamp. 
Added is a short tribute to Hamilton by E. B. Wilson. A paper by 
V. Karapetoff on "The Constancy of the velocity of light,'" 
abridged from his book on the theory of relativity, has been add- 
ed, though it seems to have no direct bearing on Hamilton's work. 

Professor Synge, who is one of the editors of Hamilton's 
"Mathematical Papers" throws light on the importance of Hamil ton' s 
characteristic or principal function, which only received due rec- 
ognition long after his deat.h. Synge stresses the point that 
Hamilton's theory, in dynamics as well as in optics, transformed 
the problem of solving the ordinary differential equations of dyn- 
amics into that of solving two partial ones. This discovery has 
been somewhat obscured by the fact that Jacobi, applyingHamilton's 
theory, stressed the use of only one of these two partial differ- 
ential equations - since known as the Hamilton-Jacobi equation. 
"But if your motive is to reduce the consideration of a dynamical 
system to that of one single principal function, then the second 
equation is fundamental." This r-emark of Professor Synge may help 
us to understand better Hiamilton's original theory, which has a 
more general character than -the Hamilton-Jacobi theory of our 
textbooks. We can gratefully grant Professor Synge this important 

*It is essentially the same as Scripta Mathematica 10 (1944) pp. 7-80. 
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point without agreeing with him in his remark that"Jacobi belonged 
less to the heroic age than Hamilton. " The difference between 
Jacobi & Hamilton seems rather to lie in the fact that Jacobi's 
work has been integrated in the whole heroic mathematical herit- 
age of the first half of the nineteenth century, 'while Hamilton's 
work still struggles for the recognition it so well deserves. 

Professor MacDuffee gives a clear and useful exposition of' 
Hamilton' s contributions to algebra, which lie especially in the 
clarification of the fundamental conceptions of algebra. Hamil- 
ton was one of the first to understand that algebra lacked an 
axiomatic, foundation and tried to construct one, though he hes- 
itated to accept fully an abstract point of view. To the end of 
his career he felt it necessary to appeal to the physical uni- 
verse in order to justify his abstract notions in the eyes of his 
fellow scientists. It might have been instructive if Professor 
MacDuffee had compared Hamilton's introduction of complex numbers 
in 1833 with the way in which Gauss introduced them at about the 
same time (1833) in his theory of biquadratic residues. 

The other papers clarify some of Hamilton's ideas. Professor 
Murnaghan reconstructs the process which led Hamilton to his qua- 
ternions in the language of matrix theory. Professor Bateman ex- 
plains how Hamilton's formulation of the principle of least action 
has influenced later thought from Jacobi and Lie to Hilbert and 
Birkhoff. Added are also two poems by Hamilton; from which we 
quo te: 

Let no desire of ease 
No lack of courage, faith, or love, delay 
Mine own steps, or that high thought-paven way 
In which my soul her dear commission sees. 

D. J. Struik 
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HISTORY AND HUMANISM 

Edited by 
G. Waldo Dunnington and A. W. Richeson 

Papers on the history of Mathematics per se, the part it has 
played in the dervelopment of our present civilization and its re- 
lation to other sciences and professions are desirable for this 
department. Send papers to G. Waldo Dunnington, Northwestern 
State College, Natchitoches, Louisiana. 

MATHEMATICS AND THE SOCIAL SCIENCES* 

by Maurice Frechet 

In order to awaken interest in the largest possible circle of 
readers, without, however, completely avoiding mathematical pre- 
cision, we shall defer the use of mathematical notations to the 
end of this article. 

Before we begin our study of the application of mathematics 
to social sciences (such as economics, sociology, psychology, his- 
tory, philosophy, etc.) we shall say a few words about mathematics 
itself. 

Many distinguished persons, whose study of mathematics was 
limited to grammar school or high school, think that mathematics 
is a science which has attained a state of perfection and that it 
has solved all the problems which it has encountered. "Is there 
anything left to discover" is a question which mathematicians are 
frequently asked. Mathematicians encounter problems daily which 
they do not know how to solve. Moreover, solution of some of 
these may possibly require several centuries. The mathematicians 
also know that the various technologies present problems, the so- 
lution of some of which, will, perhaps, be the beginning of a new 
branch of mathematics. For others, mathematics is a dull, dry or 
stern science, foreign to any idealism and without connection with 
real life. 

Applications. A better informed public knows that mathema- 
tics has rendered immense service to astronomy and physics. But, 
in general, they have no conception of the increasing number of 
sciences which are dependent on mathematics. For instance - 
stereochemistry and crystallography make use of geometry and the 
theory of groups. Physical chemistry rests upon the theory of 
differential equations. Genetics is founded on the theory of 
probability. Far from being limited to physics, the field of ap- 
plication of mathematics is ever increasing. As soon as it becomes 

This paper was delivered as the Walker-Ames lecture at the University of 
Washington on November 14, 1947. 
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necessary in a branch of knowledge to employ numbers, mathematical 
thinking becomes obligatory. 

In the first stages of a developing science, verbal qualita- 
tive descriptions are given. Then on the basis of very rough 
hypotheses, a model of reality is built which reproduces, but very 
imperfectly, the reality. Slight or important successive changes 
in the basic hypotheses allow one thereafter to press nearer and 
nearer to reality. This work of adjustment can only be pursued by 
a more and more extensive use of higher and higher branches of 
mathematics, combined with more and more precise methods of meas- 
urement. 

Evolution of Science. It is essential to understand that no 
empirical law, experimentally discovered, no general principle in- 
vented through theory, can give a final explanation of nature, 
that all these are to be later replaced by more complex but more 
precise laws, by less simple but more adequate principles. We 
know, for instance, that Boyle's law relating. volume v, and pres- 
sure p, under constant temperature is merely a partial formula- 
tion, and that there are known to be expressions of the relation 
-between v and p which are nearer to the facts than the too-simple equa- 
tion pv = constant. We know,similarly, that in astronomy, Ptolemy's 
system was effective in explaining a number of celestial phenome- 
nat but that when astronomical measurements became better, this 
system had to give way to that of Copernicus. The law of univer- 
sal gravitation (according to which two material particles attract 
each other in inverse ratio of the squares of their distances) al- 
lows astronomers to predict celestial phenomena with great ac- 
curacy. However, we know now that in some cases, corrections for 
these computations are provided by the more complex theory of 
relativity. 

Ought we to conclude from these facts that science is vain, 
since it denies itself and abandons its own discoveries? There is 
a too frequent tendency to believe and to assert that each new 
explanation of the world leads to the rejection of previous ones 
which should only be considered then as errors. This is wrong: no 
explanation is final, but each one contributes its part of the 
truth. In their succession they are like the successive sketches 
of the sculptor who prepares a bust in clay: a bowl is the first 
representation of the head; then - eyes, a nose, and ears improve 
the likeness. The result, with which the sculptor stops, will, 
however, only be a better representation. It will lack color, 
warmth, in one word - life, and not to be perfect shall, however, 
in no way cancel its value. 

The Role of Hypotheses. These successive improvements of 
science are obtained through the use of more and more adequate 
hypotheses. Each appearance of a new system of hypotheses must be 
followed by verification of its consequences. Too often, people 
are tempted to think that if this verification is satisfactory, it 
is not only because the choice of these hypotheses was good but 
also that the hypotheses themselves were in exact conformance with 
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the facts. Not at all. First, it is not known whether other hy- 
potheses could not lead to results which are just as satisfying. 
Besides, it is important to keep in mind that hypotheses which are 
initially very rough and arbitrary may lead to good results. The 
reason is that generally the theory leads to formulas containing 
arbitrary constants, which have to be determined in each particu- 
lar case. The theory has therefore only given the shape of the 
formula and in practice the choice of the values of these con- 
stants, called parameters, will be dictated by the observed data. 
For instance, there is a mortality law called Gompertz-Makeham's 
Law which, for adult ages gives excellent results and is much ap- 
preciated by the actuaries. Now this law has been obtained by 
starting from the following highly simplified hypotheses. Gompertz 
had assumed that the "force of life" decreases when age increases. 
Since the formula based on this assumption proved to be only an 
approximation to the real observed law, Makeham improved it by 
observing that amongst the causes of death it was necessary to 
take into account not only a variable physiological factor but 
also chances of accident which vary little with age. All this 
analysis is very schematic, and, besides, is still verbal. It may 
be mathematically translated in various ways. The two interpreta- 
tions of the original assumption amount to asserting that the 
death rate at a given age is the sum of two terms, one reflecting 
"the force of life" which varies with age as a decreasing geomet- 
ric proportion, and the other the chance of accident which should 
be constant.* Now these interpretations of the original assump- 
tions are rather arbitrary ones which might well be replaced by 
similar but different interpretations which would lead to differ- 
ent results. You see here clearly that the good agreement which 
has been verified between formula and numerical table may be no 
guarantee of the exactness of the basic hypotheses. So much so 
that, often, the mathematical interpretation of the qualitative 
hypotheses is influenced, as is here clearly the case, by the 

*In mathematical language, if lx is the probability of a newborn living 
to the age x, we have 

d 
-log lx = GcX + Sp dx 

where G and S are constants. Putting 

G 
log g B and log s = S, 

log c 

and intrrbducing an integration constant k, we thus get the so-called Gompertz- 
Makeham's Law: 

x 
=ksXgC 
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effectiveness in practice of the analytical or numerical computa- 
tions which result from the interpretation; legitimate considera- 
tion from the practical point of view, but a consideration which 
has no relation whatsoever with the effort to obtain an adequate 
understanding of the concrete world. 

Application to Social Sciernces. We apologize for having re- 
called ideas which are not new when applied to the natural sciences 
but which are too often ignored when applied to other domains. It 
is, however, the same technique of building a science which we 
will meet again in the development of the so-called social sci- 
ences. The application of mathematics to the whole of one of these 
sciences would find limitations similar to those which are ob- 
served in sciences of nature, such as biology. Limitations which, 
moreover, are destined to be reduced little by little without ex- 
pecting, or even wishing, to see them completely disappear. 

In addition to the natural limitations of the application of 
mathematics to some branches of social science, there are other 
imaginary limitations which have been raised (and which we proceed 
to discuss). 

A Priori Objections. For centuries the question was not how- 
mathematics could help the social sciences. On the contrary, the in- 
troduction of mathematics into these sciences was at first held as 
something inconceivable, and later conceived as a scandal. Even now it 
is possible to find distinguished persons who still think undesirable 
or even dangerous the use of mathematics in social sciences. 

Some of the Objections. Mathematical deductions start from 
data relatively simple and exactly perceived; in social sciences, 
on the contrary, we meet extremely complex and changing situa- 
tions. When, in order to simplify the problem, we neglect some 
elements, there is a risk of introducing in the real situation, 
modifications of which the immediate consequences appear plausibly 
as unimportant, but'whose remote results may be great without hav- 
ing been guessed as such. 

The answer is very simple. Thle same difficulty exists in tbe 
sciences of nature and though it has certainly slowed down their 
progress, it has not stopped it. Take, for instance, astronomy, 
Theoretically, the flight of a fly should alter the foreseen move- 
ment of the celestial system. Conversely, the cosmic rays coming 
from the immense number of celestial bodies should act upon our 
perception-s. However, we neglect both influences. It is only by 
a constant and prolonged labor that man has been able to distin- 
guish, in the midst of the infinite complexity of'material facts, 
those which intervene in an appreciable way in such or such phe- 
nomena. Moreover, the number of facts which are taken into ac- 
count always increases as the precision of measurement. 

A more serious objection is to be found in man's freedom. For 
centuries no obstacle of that kind could be found in the sciences 
of nature. Laplace wrote one day: 
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Given for one instant an intelligence which could comprehend all the forces by 
which nature is animated and the respective positions of the beings which com- 
pose it; if, moreover, this intelligence were vast enough. to submit these data 
to analysis, it would embrace in the same formula both the movements of the 
largest bodies in the universe and those of the lightest atom: to it nothing 
would be uncertain, and the future as the past would be present to its eyes. 
The human mind offers a feeble outline of that intelligence in the perfection 
which it has given to astronomy. Its discoveries in mechanics and in geome- 
try, joined to that of universal gravity, have enabled it to conVrehend in the 
same analytical expressions the past and future states of the world system.* 

On the contrary, in all human sciences any prediction can be al- 
tered by an unforeseen decision of a single individual. We cer- 
tainly find here a new difficulty, generally absent in tl'e domain 
of the sciences of nature. Let us note, however, that at tfl- 
atomic level, the uncertainty principle of Heisenberg makes evi- 
dent an unforeseen analogy between the sciences of nature and the 
sciences of man. Nevertheless, it remains true that the exis- 
tence of man's freedom limits the applications of mathematics 
to the social sciences. The limitation is, however, far from 
being complete. We will say, later on, a word about this, when 
dealing with men in the aggregate. But even if we consider a 
single individual, man's freedom is itself limited by his in- 
telligence. For, if a man has a free choice in his decisions, 
these latter are not independent of the material situations in 
which he finds himself. Seated near a fire, we feel free to 
put our feet nearer, but we do not think of actually thrusting 
them into it. At a barber shop, we know that the barber, armed 
with a razor, might, if he wanted to, cut our throat. Neverthe- 
less, we do not hesitate to ask him to shave us. In other words, 
even in daily life, we know how to draw conclusions, which we con- 
sider as sufficiently assured, in circumstances where human free- 
dom comes into play, where it could theoretically reduce our pre- 
dictions to naught. In extraordinarily exceptional cases (through 
madness, vengeance, and so on), this actually does occur. Do not 
such exceptional cases occur in science or technique, as when, for 
instance, an earthquake may ruin the computations of an architect 
or of an engineer? 

Thus, if we are ready to admit that. human freedom detracts 
from the sureness of conclusions in the social sciences, we never- 
theless maintain that it does not suffice to make impossible or 
useless the application of deductive and quantitative methods to 
these sciences. One of the essential qualities of the businessman 
and of the politician is to be able to guess, in given circum- 
stances, the reactions of people with whom he is dealing. Why 
could not the scientist arrive at rules in these situations, 

*Laplace, Theorrie Analytique des Probabilites, Introduction; Oeuvres, t. 7 

(Paris, 1886), p. 6. 
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through a systematic study which would take the place of the direct 
intuition of these people? But, some will say, even if it is pos- 
,sible to predict, to a certain extent, actions of a given individ- 
ual, how can you dream of being ablei to do so in the much more 
complex case of a multitude of human beings? However, what hap- 
pens is just the opposite. Accidental deviations from the pre- 
dicted behavior of each individual of the group shall mutually the 
better compensate the more numerous the group is. The global re- 
sult in individual decisions - very varied and even sometimes in 
absolutely opposite directions - can, thanks to that compensation, 
lead to consequences sometimes as certain as the best accepted 
laws of nature. Let us think, for instance, of the immense va- 
riety of motives which may push men to struggle for life, or on 
the contrary, to renounce life and disappear. From 100,000 adult 
individuals chosen at random at the beginning of a year, there 
might be in the course of this year, theoretically from 0 to 
100,000 suicides. In fact, the observations in Prussia from 1869 
to 1890 have shown that this number of suicides has been con- 
stantly between 10 and 20. This is a remarkable steadiness* and 
could legitimately be considered as quite unforeseen. But, we are 
now entering into the domain of applications to social sciences 
of two particular branches of mathematics: Calculus of Proba- 
bility and Mathematical Statistics. These are two such important 
applications that we intend treating them, later on, in detail. 
But we thought it was necessary at least to mention them here. 

Finally, others object that mathematics is using constantly 
the number notion, whereas social sciences treat of entities which 
escape any notion of measure. It is true that there also is found 
a source of limitations. However, let us state that the number 
notion possesses in the social sciences a wider place than is 
generally admitted at first sight. For, besides magnitudes which 
can be added, there are magnitudes of various intensities which 
can be compared, and ordered. These intensities may then be 
"graded," each through a number. Such is, for instance, the satis- 
faction produced in a given individual by the acquisition of one 
good or another. If, for instance, he is offered the choice be- 
tween a new and a used bicycle, between a roasted chicken and one 
boiled carrot, he will generally prefer in both cases the first 
alternative. In other words, when numerical values are connected 
with the satisfactions produced by one or the other alternative, 
these values will be to a certain extent arbitrary ones; however, 
the first one shall be greater than the second one. We thus can 
imagine a numerical scale of satisfactions. For a given indi- 
vidual, to each good shall correspond a number arbitrarily chosen 
and having in itself, when considered alone, no absolute signifi- 

*More remarkable still is the fact that, among these same suicides, the 

percentage of hangings has in four successive parts of this period passed 
through the extraordinarily closely neighboring values - 60.8; 60. 3; 61.4; 60.3. 
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cance, but which, however, shall have to be chosen so that its 
numerical value should be greater than the one which corresponds 
to a good giving him a smaller satisfaction. 

This notion of satisfaction, also called utility, desira- 
bility or ophelimity, plays a fundamental role inthe modern theory 
of economics. It is specifically associated with a given indi- 
vidual and the utility of the same good varies from one man to 
another. It is through the mutual interplay of compensations and 
compromises between, on the one hand, utility scales of the mem- 
bers of a group, (which determine the "demand" of each type of 
merchandise) and on the other hand, the set of quantities of the 
various available goods, that has established the price scale, 
which, itself, is common to all members of the group. 

Having thus answered diverse objections to the possibility of 
a proper use of mathematics in social sciences, and without having 
entirely rejected them, but reducing their range, we have as yet 
only discussed a priori objections. Is, however, mathematics in 
fact really used in these sciences, and, a much more important 
question, is it used therein in an acceptable and useful way? 

The Fact. It is curious to note that many of those who in- 
sisted on the inconceivability of using mathematics in the social 
sciences have actually made constant use of it in their own work. 
Economists never have been able to treat of their science without 
speaking of prices, that is, of numbers, to consider purchase or 
renting of land without taking into account its area; study the 
fortune of an individual without adding the various items of his 
fortune. All this means that they have utilized among other things 
arithmetical notions of number, its decimal representation,- the 
adding operation and also the geometrical notion of area. All 
this from the very birth of economics. In more modern timesthey 
have besides, made more and more use of graphical representations 
to study, for instance, the variation of prices, consumption, and 
production, with time. 

These economists might have thought that number, decimals, 
addition, area, graphical representation are so common, such wide- 
spread notions,that it might appear as aninsult to mathematicians, 
should these notions be ascribed to mathematics. 

However - and though this is often lost sight of, - they were 
mathematicians and of high mental capacity - though they have re- 
mained as unknown to us as the genial inventor of fire - these 
who, by a delicate and long work of generalization, of induction 
as well asdeduction, have been able to invent empirical processes, 
and then from them evolve the rules which 'now allow even a child 
to represent numbers, to add them, to compute the area of a rec- 
tangle. It was necessary to wait until the year 1,000 in order to 
make the use of the Arabic figures general throughout Europe. We 
had to wait until the seventeenth century for the systematic use 
of the four fundamental arithmetical operations, and finally we 
had to wait until the eighteenth century for the square root proc- 
e ss. 
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And it is to one mathematician, also known as one of the 
greatest philosophers, to Descartes, that we owe the invention of 
Analytic Geometry, and, as a consequence, the use of graphs to 
to represent numerical relations between two variables. 

Reduction of the Question. Our last question becomes now 
only a matter of degree. The social sciences not only can use 
use mathematics, they have done it and this use is for them use- 
ful and indispensable. 

There remains only to see what is the extent of the mathe- 
matical technique which, outside of the most elementary notions, 
can be usefully employed. We will examine this problem in detail 
later. We will, however, give an instance which shall show im- 
mediately in which direction the answer can be expected. 

Mathematics and History. What relation could be anticipated 
between history and so-called differential equations? It is clear 
that a historian's conclusions about the action of a people or of 
a great man may be altered when considering a fact as a conse- 
quence of another fact, it happens that the sequence of these two 
facts is the reverse of what he thought it to be. To date events, 
exactly, is then, a first duty of any historian. Now, it appears 
that difficult problems of dates in ancient times have been suc- 
cessfully solved by noting that they had happened simultaneously 
with some astronomical phenomena (eclipses, and so on). Astronomy 
has determined the dates of these phenomena. But how? In most 
cases, there were, in those ancient times, no astronomers on the 
spot to observe them; their dates have been gotten by computa- 
tions. Accordingly these computations are based, on the one hand, 
on very precise observations of analogous phenomena, which have 
appeared at modern times, and on the other hand, on the entirely 
mathematical theory of universal gravitation, a theory which re- 
lates the known dates of modern observations to the unknown dates 
which had to be determined. Now, this theory goes far beyond the 
elements of mathematics and, in particular, makes use of the pre- 
viously mentioned differential equations. 

Mathematics and Philosophy. Another instance of the applica- 
tion of relatively advanced mathematics in the social sciences is 
to be found in Philosophy in the study of Logic. They are amongst 
the most modern mathematical thinkers, those who have been able to 
show that logical reasoning can be expressed by the use of a very 
limited number of symbols such as -+, E, c, ....(which mean respec- 
tively: implies, is an element of, is a part of,.....). They 
have also discovered a number of formal laws of Logic, thus es- 
tablishing what is known as the "Algebra of Logic." At this point 
let us note that the social sciences derive a very considerable 
indirect benefit from the use of mathematics. 

Indirect Influence. We have seen that mathematicians and 
specialists in other sciences who were provided with a mathema- 
tical culture have utilized relatively advanced mathematics in the 
study of the sciences of man. Now, it is interesting to note that 
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side by side with the precise results which they could thus ob- 
tain, they have introduced thereby a method the spirit of which 
exerted an indirect influence over the specialists in the social 
sciences who were not proficient in mathematics. Thus, in eco- 
nomics, mathematical economists - who have been brought up in the 
study of functions and of equations - have naturally devoted them- 
selves to the study of the relations of dependence between eco- 
nomic quantities. As a result, though formerly the classieal 
economists had been chiefly busy in the research of causes, the 
same classical economists have, later on, been more frequently 
than before, interested in the simultaneous and interdependent 
variations of two - or more than two - economic quantities, even 
when they ignored the details of the works of the mathematical 
economists. 

Finally, since the use of mathematics demands a rigorous and 
precise language, it has led those who were using it to introduce 
in definitions and statements concerning social sciences, greater 
rigor and precision, the effect of which was felt by those who use 
non-mathematical language. To illustrate this point I will refer 
you to the answers to an international inquiry, which we were 
asked to summarize by the office of the International Institute of 
Statistics in order to present a report at the Washington session 
in September, 1947, of this Institute (a report which has, more- 
over, been published, with the full text of the answers which it 
was summarizing, in Revue de l'Institut International de Sta- 
tistique, 1947). I will quote here only one paragraph of that 
paper: 

"At the end, say C. and Ed. Guillaume, mathematics is nothing other than 
an abridged language which employs symbols in order to convey ideas, which 
might be expressed in common language, were it not for their extreme com- 
plexity. The precision of the definitions which fix the meaning of the mathe- 
matical terminology makes it possible to maintain a rigor, which is excluded 
in the current language by the inevitable uncertainty in the comprehension of 
of terms which are used in multiple and ceaselessly varied meanings." 

Limitations. In any application mathematics can do much,but 
it cannot do everything. It cannot do it, first of all from in- 
ternal considerations. At each epoch, mathematics was developed 
in terms of problems which it could solve. The number of solvable 
problems has constantly increased, but at the same time the number 
of those which mathematics could formulate and in front of which 
it was powerless, has also constantly increased, primarily because 
of the increasing number of requests of the various techniques. 
Another source of difficulty has been that when a mathematical 
theory appears able to explain qualitatively a human phenomenon, 
it has to be verified quantitatively and therefore numerical data 
are indispensable. Now in many human sciences these data are com- 
pletely lacking, and in others, like economics) it is only in 
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recent times that the gathering of numerical, carefully estab- 
lished observations was started. This beginning of quantification 
is precisely what has permitted in an even more recent time, the 
birth of a new science "econometry." 

Even when proper mathematical tools and numerical data are 
available, this is not sufficient to assure a satisfying result. 
Everything depends on the choice of the hypotheses which have been 
assumed in order to transform a human problem into a mathematical 
one. Classical economists are often tempted to ascribe to the use 
of mathematics, the failure of a mathematical theory of some eco- 
nomic phenomenon. Save for the rather rare case when the theory 
has been developed by a mathematical apprentice, this failure is 
not chargeable to the mathematics but to the bad choice of the as- 
sumed hypotheses. Of course, these economists would be right if 
it happened that no economic hypothesis is simple enough to be 
translated mathematically and at the same time close enough to 
daily life for the consequences to be valid with the same degree 
of closeness - but this is not the case and the success of econo- 
metry makes it the "flying wing" of political economy. 

However, the intervention of human freedom introduces a fac- 
tor which neatly differentiates the human sciences from the sci- 
ences of nature. Paradoxically enough, it can be said that human 
sciences constantly risk becoming falser precisely at moments 
when they are tending to become more true. If, in fact, a phe- 
nomenon having been studied, it is demonstrated that in given cir- 
cumstances man naturally reacts in a certain way, then as soon as 
the law is well established, each individual, who is familiar with 
the law, will react, if the anticipated consequence is unfavorable 
to him, so as to avoid this consequence. Assume for instance that 
we learn that the occurrence of sun spots has until now, coincided 
with an increase of juvenile criminality. Is it not reasonable to 
presume that the state and the private social institutions would 
then take measures in order to counteract the foreseen effect and 
thus render the law false? Assume similarly, that a periodicity 
of past economic crises has been noted. If, for instance, weshould 
thus have to foresee in this way a crisis in 1952, surely the 
state and the bankers would take measures before 1952 to avoid a 
crisis, for instance, in reducing the credits that they should 
normally have granted. 

A Last Limitation. As a Science develops, some of the initial 
hypotheses are found to entail more and more remote consequences, 
which appear less and less acceptable. For instance, economic 
theory is actually based on the hedonistic principle, that is: 
that anybody tries to realize to the maximum what he thinks is his 
own interest. But psychology and sociology invite us to recon- 
sider that principle. Is man always acting selfishly? Does he 
not, on occasion, sacrifice his life. ..and with it the enjoyment 
of his material goods - to a principle, an idea, or a person? 

This must not, however, make us abandon the principle of 
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maximum satisfaction. We may retain the hedonistic principle by 
including spiritual value along with material goods. Then the 
total satisfaction at a given time for a given individual shall 
still be a quantitative function. However, the quantities meas- 
ured should include not only material, but also spiritual goods, 
such as: the pleasure of helping Smith, the pleasure of taking 
vengeance upon Brown, and so on. This assumes that we could as- 
sign figures grading these various satisfactions. This assumption 
might appear as very bold. Can we not, however, grade spiritual 
goods? After all, when we agree to pay up to a certain amount of 
money and not more, to hear a Mozart symphony or to listen to a 
Shakespeare play, and we thus set a maximum to our appreciation of 
an intellectual pleasure, have we not solved a problem of the same 
kind? Will not psychology coupled with the notion of probability, 
show us how to get out of this difficulty? It is, in any case, 
actually a difficulty which it was necessary to mention. Actually 
also, in the very rough state of our economic and social predic- 
tions, we can be reassured: that we are still in a situation 
where the present form of the hedonistic principle will help us 
during a long period. 

Introduction of Literal Formulae. Complexity of the elements 
intervening in human sciences has been invoked against the use of 
mathematics in these sciences. In a way, it is, on the contrary, 
a circumstance which suggests the use of mathematics. It is pre- 
cisely an advantage of mathematics to be able to lend itself to 
the simultaneous consideration of a great number and even of an 
infinite number of distinct elements. One succeeds in doing this 
by the use of appropriate notations. For instance, we can repre- 
sent by P1l P2, ..., p., the prices of any number n of distinct 
commodities. Coming back to the notion of satisfaction above con- 
sidered, let us denote by S the satisfaction produced by the set 
of commodities possessed by, say Smith, for instance a quantity 
measure q2 of a commodity at price p1, a quantity measure q2 of 
another commodity at price P2 .... Then S shall depend on q, 
q2, .. "and we will *assume that it is a "function" of q1, q2, 
. 0 that is, that when the values of ql, q2, ... are given, then 
S is determined. And we will express that fact by the notation 

S = f(ql I q2...) 

which is read as: S equals f of ql, q2, .... Looking at this 
formula, any student of mathematics will understand that there is 
a relation between S and ql, q2 ... and even that the knowledge 
of ql, q2 ... is assumed to determine S. And in the sequence of 
his computations he does not nee(" (as he would in common language) 
to replace each time the short notation q2, for instance, by the 
sentence *quantity of the second commodity possessed by Smith." 

Equations of Economic Fquilibrium. Assume that we have been 
able to write several relations between a number of economic 
magnitudes in the equilibrium state. It is a well known scientific 
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fact that if the number (say e) of the relations (also called 
equations) is greater than the number (say i) of the unknowns 
(that is, the values of these magnitudes), then one at least of 
these relations is necessarily a consequence of the others and 
might be dispensed with. And if e is smaller than i, then it can 
be shown that the number of equations does not suffice to deter- 
mine the values of the unknowns. I't is precisely in the applica- 
tion of this fundamental mathematical result (of which the state- 
ment should be somewhat restricted,but this would lead us too far) 
that rests one of the most important contributions of mathematical 
economists. 

Example of Mathematical Reasoning in Econometry. Except in 
our instances of applications to History and Philosophy, we have 
not gone further in economics than the use of elementary mathe- 
matics, and we have not shown how to express the hypotheses from 
which are derived the above mentioned equations. It is not the 
proper place to enter into the details of the general theory which 
has been suggested above. We can, however, give an idea of the 
direction to follow by considering a simple example. 

Suppose that our Smith may avail himself of a given capital, 
say C, in order to acquire the set of his future commodities. What 
shall the amounts ql, q2, ... of each of these commodities whichhe 
will finally decide to buy?- It will be the system of values of 
ql, q2, .0. which will give him the maximum satisfaction. These 
quantities have to be bought at a total price obviously equal to 
plql + p2q2 + ...'and also to the total capital C. We are thus 
led to transform the economic problem into a mathematical problem, 
which we know how to solve, namely, to determine the values of 
q1, q2, ... which make maximum the function S = f(ql, q2...) 
among those values of ql, q2, for which the following holds: 

p1ql 
I P2q2 + *. . = C 

There is a regular method to solve that problem, the method 
of 'Lagrange's multipliers," a method known for a long time, but 
which still does not belong to the elementary part of mathematics. 

It has been proved that we have to multiply the first member 
of the condition, written in the form 

plql + P2q2 + *.. - C = 0 

by a number X, to add the product to f(q1, q2, ...) and to assurqe 
that the required values of ql, q2, e.e are those which render 
maximum the sum 

f(qlt q2t *..) + k(plql + P2q2 + * . - C) 

when q,, q2, vary quite independently. In order to do that, we 
must have recourse to Differential Calculus. According to that 
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calculus, we must differentiate the same sum relatively to ql, 
q2t ...and set the derivatives of this sum equal to zero. This 

8f 
is expressed by equations (where the notations, such as - shall 

8q, 
be explained below): 

Sf 8f Sf 

1) ____ -q = ___U 

P1 P2 Pa 

p1ql + P2q2 + * C. 

We verify that we have here the required number, n, of equa- 
tions (between the same number n, of the unknowns ql, q2 ... qu) 
which is just sufficient to determine q1, q2, ... qn. 

It is interesting to note that these equations invcrlve ex- 
8f 

pressions such as - , called "partial derivatives" of f with re- 
8q, 

spect to ql. This quantity may be intuitively defined as the rate 
of variation of f, that is of the satisfaction S, when q, alone 

varies. This rate is the ratio- where a given small increase r 
r 

of q1 corresponds to an increase C of the satisfaction. When the 
unit of measurement of the first commodity is small enough, we can 

o 8f 
take r = 1 and -shall reduce to o: Thus - is the increase a- of 

r 8q, 
f, which occurs when increasing the quantity q, by one unit. 

Finally is equal to the increase in the satisfaction of 
8q, 

Smith when he receives the last unit of the first commodity he 
8 f1 

possesses. That is why is also called the marginal satisfac- 
Sq, 

tion (or the marginal utility) of the first commodity possessed by 
Smith. 

This definition being given, we may express the equations 
(1) by saying that: when Smith avails himself of a given capital 
to buy some goods at fixed prices p1, P2, ..., his choice will be 
such that the quantities of goods which he will buy are those 
which make the marginal utilities of these goods proportional to 
their prices. 

It is interesting to note, by the way, that the interest of 
the notion of marginal utility was discovered independently and at 
about the same time by the classical economists of the Vienna 
school and by the first mathematical economists. 

University of Paris 
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FUNDAMENTALS OF BEGINNING ALGEBRA 

by 

E. Justin Hfills 

Mathematics is a language just as Spanish, for example, is a 
language. I f we should live in Spain for any length of time we 
would want to learn the language of the people so that we could 
get along better with them and enjoy their customs and methods of 
living. I f we want to know mathematics so that we can get a bet- 
ter understanding of the subject and its marvelous accomplishments. 

To learn Spanish we must acquire a vocabulary and learn to 
translate from English to Spanish and vice versa. To learn mathe- 
matics we must become familiar with the notation used and learn to 
put English expressions into mathematical form and vice versa. 

Arithmetic, the art of computation, is the foundation on which 
all mathematics is based. In arithmetic we make use of numbers 
made up o f numeral s 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9. 

Algebra is a generalization of arithmetic. In algebra we make 
use of letters. Consider the sum of two numbers such as: 

3 + 5, or 4 4 7. 

Using letters, these sums can be denoted by the one expression 

a + b 

where a and b can be either 3 and 5 or 4 and 7. 
Such a combination of letters tells briefly what is to be done to 
any pair of numbers that are under consideration. 

Obviously a and b could be any numbers whatever, perhaps both 
the same number. Thus the algebraic statement, a + b, is a pre- 
cise, condensed way of saying "Any number is to be added to any 
oth,er or the same number. " 
Algebra-ic statement of multipi ication 
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Since mathem-atics has a l anguage of its own, we learn to 
translate English statements into mathematical form. 

1. English statements Arithmetic statements 
Three times five 3 x 5 
Three times seven 3 x 7 

Algebraic statement 
3 x a, or merely 3a* 

Then if a - 5, 3a = 1 5; or if a : 7, 3a = 21; etc. 
2. English statements Arithmetic statements 

Four times three 4 x 3 
Six times seven 6 x 7 

A lgebrai c statement 
a x b, or merely ab* 

Then if a = 4 and b = 3, ab = 4 x 3 = 12; or if a = 6 and b = 7, 
ab = 6 x 7 = 42; etc. 

Further simplification by use of algebraic language will now 
be considered. 

Multiplication and addition 
English statements Arithmetic statements 

Eight more than five times three 5 x 3 + 8 
Seven more than five times two 5 x 2 + 7 

Algebraic statement 
5a + b 

Then if a = 3 and b = 8, Sa + b = 5 x 3 + 8 = 23; or if a = 2 and 
b = 7, 5a + b = 5 x 2 + 7 = 17; etc. 

Multiplication and subtraction 
Engliish statements Arithmetic statements 

Four less than three times two 3 x 2 - 4 
Seven less than three times five 3 x 5 - 7 

Algebraic statement 
3a - b 

Then if a = 2 and b = 4, 3a - b = 3 x 2 - 4 = 2; or if a 5 and 
b = 7, 3a - b = 3 x 5- 7 = 8; etc. 

Addition of products 
English statements Arithmetic statements 

Two times three plus three times four 2 x 3 + 3 x 4 
Two times four plus three times six 2 x 4 + 3 x 6 

Algebraic statement 
2a + 3b 

Then if a = 3 and b = 4, 2a + 3b = 2 x 3 + 3 x 4 = 18; or if a = 4 
and b = 6, 2a + 3b 2 x 4 + 3 x 6 = 26; etc. 

Subtraction of products 
English statements Arithmetic statements 

Three times four minus two times five 3 x 4 - 2 x 5 
Three times two minus two times one 3 x 2 - 2 x 1 

Algebraic statement 
3a - 2b 

'Omission of signs between two letters or a number and a letter means multi- 
plication, but cannot be used between two numbers. 
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Then if a = 4 and b = 5, 3a - 2b = 3 x 4 - 2 x 5 - 2; or i f a 
= 2 and b = 1, 3a - 2b = 3 x 2 _ 2 x 1 = 4; etc. 

Products of products 
English statements Arithmetic statements 

Four times two multiplied by two (4 x 2) x (2 x 3) 
times three = 4 x 2 x 2 x 3 

Four times three multiplied by (4 x 3) x ( 2 x 1) 
two times one = 4 x 3 x 2 x 1 

Algebraic statement 
(4 x a) x (2 x b) 

= 4a x 2b 
Since a and b represent numbers, we can rearrange the numbers and 
letters as we please, That is 

4a x 2b = 4 x 2 x a x b 
Having done so, put down the product of the numbers. Therefore 

4a x 2b - 8 x a x b, or 8ab 
Then if a = 2 and b = 3, 8ab = 8 x 2 x 3 = 48; or if a = 3 andb 1, 
8ab = 8 x 3 x 1 = 24; etc. 

Quotients of products 
English statements Arithmetic statements 

Two times twelve divided by three 2 x 12 
times four 3 x 4 

Two times nine divided by three 2 x 9 
times two 3x 2 

A lgebraic statement 
2a 
3b 

Then if a ' 12 and b = 4, 2 = 2 x 12 = 2; or if a = 9 and 'Ti 3 x 4 

b = 2 2a = 2 X 9 = 3; etc. 
'3b 3x 2 

Multiplication of a sum 
English statement 

Three times the quantity four plus seven; that is, three times 
the result of adding four and seven. Note in the first arithmetic 
statement below that this is the same thing as the sum of three 
times four and three times seven. And it will be found that this 
statement is true regardless of what numbers one would use in 
place of three, four, and seven. Note the second and third arith- 
metic statements. 

Arithmetic statements 
1) 3(4 + 7) = 3 x 11 = 33, or 

3 x 4 + 3 x 7 = 12 + 2 1 = 33 
2) 5(3 + 2) = 5 x 5 = 25, or 

= 5 x 3 + 5 x 2 = 15 + 10 = 25 
3) 4(3 + 2) = 4 x 5 = 20, or 

= 4 x 3 + 4 x 2 = 12 + 8 = 20 
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The following algebraic statement represents these examples 
and any similar ones. 

A lgebraic statement 
a(b + c) = ab + ac 

Then if a = 3, b = 4, and c = 7, 
a(b + c) = 3(4 + 7) = 3 x 11 = 33, or 
a(b + c) = ab + ac = 3 x 4 + 3 x 7 = 12 + 21 = 33 

Then if a = 5, b = 3, and c = 2, 
a(b + c) = 5(3 + 2) 5 x 5 = 25, or 
a(b + c) = ab + ac = 5 x 3 + 5 x 2 = 15 + 10 = 25 

Then if a = 4, b = 3, and c = 2, 
a(b + c) = 4(3 + 2) = 4 x 5 = 20, or 
a(b + c) = ab + ac = 4 x 3 + 4 x 2 = 12 + 8 = 20 

Sentences translated into algebraic language 
Problems in arithmetic can be expressed in sentences. They 

can then be translated into algebraic language. Some illus-tra- 
tions are: 

1. Some number plus four equals seven. 
2. Some number minus two equals one. 
3. Three times some number equals six. 
4. One half of some number is two. 
These sentences can be translated into algebraic language by 

letting some letter (usually a letter at the end of the alphabet) 
represent the number that is unknown. Below the letters x, y, and 
w have been chosen. Please note that such a choice is entirely 
arbitrary. Therefore the translations can be: 

1. x + 4 = 7 
2. y - 2 = 1 
3. 3w = 6. 
4. 2 = 2 

2 
These statements in algebraic language are known as equations. 

An equation is the equality of two quantities. For example, in 
x + 4 = 7, the quantity x + 4 equals the quantity 7. 

By trial, the values of the unknown number of an equation can 
be found. Consider the equations just presented. 

1. x + 4 = 7 
Value Value of Value of Does left side 
of x left side right side equal right side 
1 1 + 4 = 5 7 No 
2 2 + 4 = 6 7 No 
3 3 + 4 = 7 7 Yes 
4 4 + 4 = 8 7 No 

Therefore 3 is the only value of the letter that makes both 
sides (quantities) have the same -number value. That is, for 
x + 4 = 7, if x = 3, then 

3 + 4 =7 
7 =7 
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2. y - 2 = 1 
V al u e Value o f Value of Does left side 
of y left side right side equal right side 
4 4 - 2 = 2 1 No 
3 3 - 2 = 1 1 Yes 
2 2 - 2 = 0 1 No 

Therefore 3 is the only value of the letter that makes both 
sides have the same number value. That is, for y - 2 = 1, if 
y = 3, then 

3 - 2 =1 
1=1 

3. ow = 6 
Value Value of Value of Does left side 
of w left side right side ,equal right side 
1 3 x 1 = 3 6 No 
2 3 x 2 = 6 6 Yes 
3 3 x 3 = 9 6 No 

Therefore 2 is the only value of the letter that makes both 
sides have the same number value. That is, for 3w = 6, if w = 2, 
then 

3 x 2 =6 
6 =6 

4. x = 2 
2 

Value Value of Value of Does left side 
of x left side right side equal right side 

1 2 = /2 2 No 
2 2 2 = 1 2 No 
3 3 2 = l/2 2 No 
4 4 2 = 2 2 Yes 

Therefore 4 is the only value of the letter that makes both 
sides have the same number value. That is, for X = 2, if x = 4, 2 
then 

4 2 
2 
2 =2 

These four illustrations show that there is only one arithme- 
tic number for the letter in each of these equations. That is, 
the letter represents only one arithmetic number. 

The equation is the most useful and important concept in alge- 
bra. It clarifies the solution of many problems that are practically 
impossible without the condensed language of algebra. 

II lustrations: 
1) An estate of $3000 is to be divided between a son and a 

daughter. The son's share is to be twice the daughter's share. 
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How much does each receive? 
Arithmetic: Assume there are three shares, two for the son 

and one for the daughter. The three shares equal $3000, so one 
share equals $1000. Therefore the son' s share is $2000 and the 
daughter' s share is $1000. 

Algebra: Let x P the daughter's share. 
2x = the son's share. 

x + 2x = $3000 
3x = $3000 
x = $1000, the daughter' s share (See p. 56.) 

2x = $2000, the son' s share. 
2) Four men earn jointly $80 a day. Two of the men earn the 

same amount. The third man earns twice as much as tIae first or 
second; the fourth man earns as much as all the others. How much 
does each man earn per day? 

Arithmetic: Let the earnings of the first two men be con- 
sidered as one part (of the $80) each. The third man then earns 
four parts of the same si ze. Therefore there are eight equal 
parts; so that each part of $80 is $10. Thus the first and second 
men earn $10 each; the third man earns $20; and the fourth man 
earns $40. 

Algebra: Let x = part earned by the first or second man. 
Then the third man earns 2x and the fourth man earns 4x. Therefore: 

x + x + 2x + 4x = 80 
8x = 80 
x = 10 

3) 25% of some number is 40, what is the number? 

Arithmetic: 40 40 = 160 
25% 0. 25 

(This is a seventh grade problem but difficult without algebr4.) 
Algebra: Let n = the number. Then 025n 40. And n 025 

( See p. 56.) 
Solution of equations 

Many of the rules of algebra and the principles underlying 
them are based on the need to find the value of the unknown of 
equations, which is called solving for the value of the unknown. 
The trial method of solving equations (See p. 53) is too tedious. 
Faster and more interesting methods will now be explained. 

Observe that an equation is like a balanced pair of scales. 
The value on the left side of the equal sign balances the value 
on the right side. Thus, i f the pair of scales has equal arms, 

M N 1 
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the value M on the left side equals the value N on the right side. 
Furthermore, the balance is maintained if the same amount is added 
to, or subtracted from, both sides, or if both sides are mul tiplied 
by, or divided by, the same amount. Let us state and illustrate 
with numbers each of these facts, usually called axioms. 

1. An equali ty remains i f the same amount is added to both 
sides. 

Illustration 
6 6 

6 + 2 =6 + 2 C 
8 =8 F6- + 216 + 21 

2. An equality remains if the same amount is sulbtracted from 
both sides. 

6 6 
6 - 4 = 6 - 4 

2 =2 

3. An equality remains if both sides are multiplied by the 
same amount. 

Illustration 

6 6 
6 x2 = 6 x 2 

12 = 12 i6 x 2 iF x 2i 
4. An equality remains if both sides are divided by the same 

amount. 
Illustration 

6=6 
6 *2 = 6 *2 

3 =3[ 

In the following equations, the unknown can be determined by 
using one or more of the above mentioned rules. 

Given: x + 4 = 7 

Subtract 4 from both sides in order to get x alone. 

x + 4- 4 = 7 - 4 x + 4- 4 4 

Therefore: 

x= 3 

Given: y - 2 = 1 
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Add 2 to both sides in order to get y alone. 

y - 2 + 2 = 1 + 2 Y - 2 + 2 1 + 2 

Therefore: 

y + 3 

Given: 3w = 6 

Divide both sides by 3 in order to get w alone. 

3w= 6 

There fore: 

w= 2 

Given: -~- = 2 F TL 
2 

Mul tiply both sides by 2 in order to get x alone. 

2 x2= 2 x 2 2Sx 2X2 
2 2 

There foret 

x= 4 

The terms of an equation are the parts separated from each 
other by plus or minus signs or by the equal sign. Thus in x + 4 = 7, 
the terms are x, 4, and 7. 

In x + 4 = 7, if each arithmetic number is replaced by a let- 
ter, the equation can be written 

x + a = b 

where a = 4 and b = 7. If both of the letters a and b are assigned 
any numerical values whatsoever, the numerical value of x can be 
found by the method just shown. 

In an equation, where all the terms contain letters, one of 
the letters is assumed to be unknown (usually a letter near the end 
of the alphabet) and the other letters are assumed to be known. 
Such an equation can be solved for the unknown before arithmetic 
numbers are assigned to the letters. To do so, we follow the same 
procedure used above. 
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Given: x + a = b 

Subtract a from both sides. 

x + a- a = b - a a 

Now a - a = 0 whether a = 2 or 3 or any other number. 
Therefore: 

x = b-a a3 
In this equation, if arithmetic numbers are assigned to a and 

b, the particular value of x can be determined. I f a = 4 and b = 7, 
then x = 7 - 4 =3 

If a = 6 and b = 3, then x = 3 - 6. By methods used in arith- 
metic, x cannot be determined in this case because 6 cannot be sub- 
tracted from 3. This difficulty is overcome by introducing nega- 
tive numbers. 

x 3 - 6 
x = -3 

Thus a new concept of algebra is introduced. Up to this point 
in our discussion, the signs + and - have been used to indicate the 
fundamental operations of addition and subtraction. The same signs, 
however, are used in algebra to indicate not only these two funda- 
mental operations, but also the quality of a number, that is, 
whether the number is positive or negative; where positive and 
negative are opposite directions or opposite senses. 

If going East is considered a positive direction, going West 
is a negative direction; or, if going West is considered a positive 
direction, going East is a negative direction. 

If going upstairs is a positive direction, going downstairs is 
is a negative direction; or vice versa. 

In business we have credits and debits. A debit can be 
thought of as a negative credit. 

Room temperature is 680 above zero Fahrenheit, that is +680F. 
Air is changed to a liquid at 3000 below zero Fahrenheit, that is 
-300F. Thus above zero is taken as positive and be lo w zero is 
then negative. 

Increases and decreases in the closing prices of stocks are 
indicated by plus and minus signs respectively, +34 means that the 
closing price is $34 higher than that of the previous day; and 
-1Y4 means that the closing price is $1S lower than that of the 
previous day. 
Signed or directed numbers 

The positive and negative numbers of algebra are called signed 
or directed numbers. They can be represented as the positions on 
a line, called the algebraic number scale. Zero is the dividing 
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point. To the right are the one unit (centimeter, foot, mile or 
whatever unit is desired) positive signed numbers and to the left 
are the negative signed numbers. (All terms without a sign are 
taken as positive.) 

-5 -4 -3 -2 - 1 0 +1 +2 +3 +4 +5 

By using the number scale, the four fundamental operations 
can be performed with signed numbers. Put the number scale into 
the form of a stairway with a landing at zero position. +7 
Above the landing the steps are positive and +6 
below the landing the steps are negative. +5 

+4 
+3 

+2 
1+1 

0 

-2 

-4 

1-6 
-7 

Examples of addition of signed numbers 

1) (+4) + (+3) = +7 

From step +4, go up 3 steps; or from +4, count 3 units to the right. 

2) (+4) + (-3) = tl 

From step +4, go down 3 steps; or from +4, count 3 units to the left. 

3) (-4) + (-3) = ? 

From step -4, go do wn 3 steps; or from -4, count 3 units to the left. 

Examples of subtraction of si gned numbers 

1) (+4) - (+3) = +1 

Pecall that subtraction is finding that number ( the remainder) 
which added to the number to be subtracted (the subtrahend), +3 in 
this case, gives the number from which we are subtracting (the 
minuend), +4 in this case. In the above example this means finding 
what number added to +3 gives +4. Hence from step +3, go up (posi- 
tive direction) 1 step to reach step +4; or from +3, count to the 
right (positi ve direction) 1 unit to reach +4. 

(+4) - (-3) = +7 

From step -3, go up 3 steps to reach the landing place and then go 
to step +4, making altogether 7 steps up; or from -3, count to the 
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right 7 units to reach +4. 

3 ) (-44) - (+3) = -7 

From step +3, go down (negative direction) 3 steps to reach the 
landing place and then go down to step -4, making altogether 7 
steps down; or from +3, count to the left (negative direction) 
7 units to reach -4. 

4) (-4) - (-3) = -1 

From step -3, go down 1 step to reach step -4; or from -3, count 
to the left 1 unit to reach -4. 

5) 0 - (+4) = -4 

From step +4, go down 4 steps to reach the landing place; or from 
+4, count to the left 4 units to reach zero. 

6) 0 - (-4) = +4 

From step -4, go up 4 steps to reach the landing place; or from -4, 
count to the right 4 units to reach zero. 

Examples of multiplication of signed numbers 

Multiplication is a short process for adding. Thus 

1) (+3)(+4) = 3 x (+4) = (+4) + (+4) + (+4) = +12 

2) (+3)(-4) = 3 x (-4) = (-4) + (-4) + (-4) = -1 2 

Since 2 x 3 = 3 x 2, or 3 x 4 = 4 x 3, ther. ab = ba. Therefore 

3) (-3)(+4) - (+4)(-3) = 4 x (-3) 

= (-3) + (-3) + (-3) + (-3) = -12 

Or, since ( +3) ( +4) can be thought of as adding +4 to zero three 
times; then (-3)(+4) can be thought of as subtracting +4 from zero 
three times; or 

(-3) (+4) = 0 - (+4) - (+4) - (+4) -12 

Since - (+4) = -4 [see 5) under Examples of subtraction of signed 
numbersl, the problem can be written: 

(-3)(+4) = -4 - 4 - 4 = -12 

Now consider (-3)(-4). It can be thought of as subtracting 
-4 from zero three times; or 

4) (-3) (-4) = 0 - (-4) - (-4) - (-4) = +12 

Since - (-4) = +4 [see 6) under Examples of iubtract ion of signed 
numbersl, the problem can be written: 
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(-3) (-4) = +4 + 4 + 4 = +12 

If a friend represents a posi tive number and an enemy repre- 
sents a negative number, the following analogy can be used. 

The friend of the friend is a friend. 

1) ( +3) ( +4) = +12 

The friend of the enemy is an enemy. 

2) (+3)(-4) = -12 

The enemy of the f riend is an enemy. 

3) (-3)(+4) = -12 

The enemy of the enemy is a friend. 

4) (-3) (-4) = + 12 

Examples of division of signed numbers 

Division is the inverse of multiplication; therefore: 

1) Since (+3)(+4) = +12, +12 = +3, or 12._ +4. 
+4 +3 

2) Since (+3)(-4) = (-3)(+4) = -12, 

12 = +3, or -12 = -4, or -32 +4 or -2 = -3. 
-4 +3. -3 +4 

3) Since (-3)(. 4) = +12, +12 = 4, or +12 = _ 
-3 ~~-4 

The friend-enemy analogy holds true for division as for multi- 
p l cation. 

Rules for the multiplication and division of signed numbers 
may be stated as follows: 

1. If both have the same s ign, the product or quotient is 
pos i tive. 

Illust rat ions: 

a. (+3)(+4) = +12 
b. (-3)(-4) = +12 

c. +12 = +3 
+4 

d. -12 = +3 

2. If one number is positive and the other is negative, the 
product or quotient is negative. 
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III ust rations: 

a. (+3)(-4) = -12 
b. (-3) (+4) = -12 

c.+12 =_ 
-4 

de -12 = -3 
*+4 

In practice, problems involving signed numbers are written 
with a minimum number of signs and parentheses. + (+4) is written +4. 
In like manner - (-4) = +4; - (+4) = -4; and + (-4) = -4. That is, 
like signs make a positive sign; and unlike signs make a negative 
sign. 

Now consider the following problem which uses sane of these 
rules of signs. 

If 2x + 9 = 6, what is the value of x? 
Given: 2x + 9 = 6 
Subtract 9 from both sides in order to get x alone. 

2x + 9 - 9 = 6 - 9 

Since 6 - 9 = -3 (See Examples of subtraction of signed numbers.), 

2x= -3 

Divide both sides by -2 in- order to get x alone. 

2x -3 
2 2 

Or, 

x = 

Some equations contain parentheses. (See Multiplication of 
a sum on page 52.) To find the unknovrn of equations containing 
parentheses, the parentheses must be removed first. For example, 
if 2(x - 4) - 3(x + 1) = 5, what is the value of x? 
Given: 2(x - 4) 3(x + 1) = 5 

Since 2(x - 4) = 2x - 2 x 4 = 2x - 8 and -3(x + 1) = -3x - 3 x 1= 
.3x - 3 x 1 = -3x - 3, the equation can be written 

2x - 8 - 3x - 3 = 5 

We combine like terms as follows: 2x - 3x = -lx or -x and -8 - 3 
-11. Hence 

-x - 11 = 5 

Next add 11 to both sides, then 

-x - 11 + 11 = 5 + 11 
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Or 
-x = 16 

Since -x means (-1) x x, we divide both sides by -1 that is, 

(-1) x x = 16 
(-1) -1 

From which x = _16 (See l.d. p. 6] ) 

Equations with two unknowns 

Many problems exist that involve two unknowns. Consider the 
following simple illustrations. 

1. I have a shel f just long enough to hold six five-pound 
packages of sugar and flour. If I have six sacks of sugar, I have 
no room for flour, if I have five sacks of sugar, I have room for 
one sack of flour; and so on. That is: 

If I have the following number 6 5 4 3 2 1 0 
of sacks of sugar, _ 
I have room for the following 0 1 2 3 4 5 6 
number of sacks of flour 

Thus the number of sacks of sugar plus the number of sacks of flour 
equals six. 

2. I wish to purchase some five-pound sacks of sugar and flour 
with the understanding that there will be two more sacks of sugar 
than sacks of flour. That is if I purchase ten sacks of sugar, I 
will also purchase eight sacks of flour; and so on. The following 
comparisons s'iow some of the possible combinations. 

If I purchase the following 10 8 7 6 5 4 2 
number of sacks of sugar, 
I must purchase the follow- 6 32 
ing number of sacks of flour 

Thus the number of sacks of sugar purchased minus the number of 
sacks of flour purchased is two. 

3. If now I wish to satisfy at the same time both conditions 
set up in illustrations 1. and 2., on a shelf that holds only six 
sacks of sugar and flour I want to place two more sacks of sugar 
than flour. The possible combinations given above, show that the 
only possible combination is to purchase four sacks of sugar and 
two sacks of flour. 

Algebraically we can say this in the following elegent, con- 
densed form. 

If x = the number of sacks of sugar and if y = the number of 
sacks of flour, in the first illustration 

x + y = 6, 
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in the second illustration 

x - y = 2, 

and, in the third illustration the two equations 

tx- y =2. 

are considered at the same time ( simul taneously); and as we see 
from our sets of values above x = 4 and y = 2. 

Suppose now we met the more general problem which gives the 
same equations: The sum of two numbers is 6 and the difference of 
the same two numbers is 2. What are the numbers? To find them, 
suppose we let x = the larger number and y = the smaller number. 
Then 

x + y = 6 (their sum is 6) 

x - y = 2 (their difference is 2) 

For x + y = 6, i f any ari thmetic number whatsoever is assigned 
to either x or y, the value of the other letter can be determined. 
Each pair of values determined satisfy the equation; that is, the 
left side of the equality equals the right side. Thus, if x = 4, 
4 + y = 6, or y = 2. Other pairs of values are shown below; and, 
of course we could use the values used in the sugar and flour problem. 

x 1 2 314 5167 8 
-and so on. 

y 6 5 4 13 2 1 -1 -2 

Similarly for x y = 2, pairs of values of x and y that will 
satisfy this equation are: 

x 01 1213415 61718 x O; 1 2 34g g and so on. 
y ~.2 -1 0 121314 56 

Considering the equations x + y = 6 and x y = 2 at the same 
time, that is. considering the series of possible values for each 
equation, shown above, one sees that both sets contain x = 4 and 
y = 2 and no other common set. These values are said to satisfy 
both equations x + y = 6 and x - y = 2. This common pair of values 
(x = 4, y = 2) is called the solution, meaning the common solution, 
of the simultaneous equations, x +y = 6 and x - y = 2. 

The above trial method is too tedious, so we use shorter 
methods as we shall now illustrate. 

Given: x + y= 6 1) LIF 
x _ y 2 2) r 
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Subtract the second equation from the first. In doing so, use 
parentheses. We obtain 

(x + y) -(x - y) 6 2 

(x + y) - (x - y) - 6 - 2 

Since - (x - y) means (-1) x ( x - y) or (_1) x x - (-1) x y or 
-x + y, this equation can be written in the form 

x + x + y = 4 

ComEhining like terms, we have 

2y= 4 

Whence 

y =2 

We now substitute this value for y in equation 1). 
This gives 

x + 2 =6 
'4hen ce 

x =4 
'iherefore x = 4 and y = 2 are the values of the two unknowns that 
satisfy both equations. 

Graphical solution of simultaneous equations 

Suppose we are going to see friends in the Ci ty o f San Diego. 
We are told by these friends that i t is very easy to locate thei r 
homes since the town is ideally 1 ayed out. (See Figure 1.) Ihe 
A orth-South streets East of Front St. are named lst Ave., 2nd Ave., 
and so on. T'he Eas t- tes t streets South of Ash St. are named A St., 
B St., and so on; and the Eas t- Res t streets North of Ash St. are 
Beech St., Cedar St., and so on. 

Hy going to an intersection, such as Broadway and f'ront, it is 
easy to find homes of friends. Suppose we wanted to find such street 
intersections as those marked P, Q, R, and S. P is 7 blocks East 
and 6 blocks North of our starting point. If East and North are 
considered as positive directions, the intersection P can be design- 
ated as (7,6), that is (East 7 blocks to 7th Ave., NVorth 6 blocks 
to Cedar St. - C St., 3 St., A St., Ash St., Leech St., Cedar St.). 

'To reach Q, go 2 blocks Wes t and 6 blocks A'orth of our start- 
ing point (Broadway and Front). Since Eas t is assumed to be a 
positive direction, West is a negative direction. Therefore Q can 
b e d e s i gn a t ed a s (- 2 , 6 ) . 

To reach S, go 3 blocks Wes t and 1 block South from our start- 
ing point (broadway and Firont) . Since Aorth is assumed to be a 
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positive direction, South is a negative direction. Therefore R 
can be designated as (-3,-1). 

Finally, S can be designated as (1 , S-7 

most towns use essentially the same plan. But all are. mE 

or less complicated by the naming of their streets. In algebra 
we use a similar diagrammatic scheme but much simpler yet filling 
the same need. 

We lay out two algebraic number scales (See p. 59.) perpen- 
dicul ar to each other wi th the zero points of each at the same 
position, as in Figure 2. 

l l~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~f I~~~~~~~~~S MAVAS 

W~ ID 

-5 -' - ~- -'I 0l ; C 3 fi 5S 

4xl E 

Fi gure 2~ 
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The horizontal line, called the horizontal axis, is used for 
the values of x. The vertical line, called the vertical axis, is 
used for the values of y. The horizontal axis is also called the 
X-axis, and the vertical the Y-axis. The point where the two axes 
cross is called the origin. 

For point A, the x value is 4 and the y value is 2. A is 
spoken of as the point (4,2). 

If several pairs of values that satisfy an equation in two 
unknowns are located on a diagram, such as Figure 2, and if thiese 
points are joined by a smooth line, this line is called the graph 
of the equation. 

Illustration: To draw the graph of the equation x + y = 6, 
we determine several pairs of values that satisfy the equation by 
choosing convenient values for x substituting each value in the 
equation and solving for the corresponding value of y. Suppose 
we have thus obtained the following pairs of values. 

xI0 1 2 3 4 5 6 1 7 8 
o ||3 s 7| and so on. 

y 6 5 4 3 2 1 0 -1 12 

We then locate each pair of values on a diagram, as in Fi gu re 3, 
and join them by a smooth line. 

g. -q -, - *-' - s ,J O - , s . - 

-3 

,* 

Figure 3 

Any point selected on this line will have a definite x value 
and a definite y value. The values of x and y for every such 
point satisfy the equation x + y = 6. For example the point 
( 42A, ]Y2) satisfies the equation since 41A + 1t/2 = 6. 
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Graphical solution of simul taneous equations 

I f the graphs of two eq uations in x and y are drawn on the 
same diagram, the point where the two lines intersect is the solu- 
tion of the two equations, as we shall now show. 

Any point selected on either line will have a definite x value 
and a definite y value. The values of x and y for each point on 
the line T satisfy the equation x + y = 6. The values of x and y 
for each point on the line ? satisfy the equation x - y = 2. 
(See Figure 4.) The values of x and y for the point of intersection 
of the lines and ( namely x = 4 and y = 2, satisfy both 
equations. This is true without any use of algebra since two 
straight lines in the same plane always have just one point in com- 
mon unless they are parallel. 

-1C 

Figure 4 

It is the author' s sincere hope that through this article the 
reader will become interested in a further pursuance of the sub- 
ject. A knowledge of algebra and equations is essential for an 
understanding of modern science. Algebra is the basis of all math- 
ematics, and on mathematics depends engineering, physics, chemis- 
try, and in fact all scientific work. 

Los Angeles City College 
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 Edited by

 C. G. Jaeger and H. J. Hamilton

 This department will submit to its readers, for solution,

 problems which seem to be new, and subject-matter questions of

 all sorts for readers to answer or discuss, questions that may

 arise in study, research or in extra-academic applications.

 Contributions will be published with or without the pro-

 poser's signature, according to the author' s instructions.

 Although no solutions or answers will normally be published

 with the offerings, they should be sent to the editors when

 known.

 Send all proposals for this department to the Department
 of Mathematics, Pomona College, Claremont, California.

 SOLUTIONS

 No. 3. Proposed by Nev. B. Mind.

 If the medians of a triangle are proportional to the corre-

 sponding sides, the triangle is equilateral.

 Solution by C. W. Trigg, Los Angeles City College.

 It is well-known that ma '/2 2(b2 + c2) - a2. By the hy-

 pothesis, '/2 42(b2 + C2) - a 2 % 2(C2 + a2) - b2.
 a b

 Upon simplification, this equation takes the form

 (a - b) (a + b) (a2 + b2 + c2) = 0.

 Since the last two factors cannot equal zero, a = b. Proceeding

 in like manner with the ratio mb: b::mc:c,we have b =c. There-
 fore the triangle is equilateral.

 Also solved by Barney Bissinger, Fitchburg, Mass.

 No. 4. Proposed by Pedro A. Piza, San Juan, Puerto Rico.

 Let the integers a, b, c, with c = a + 1, be the sides of a
 right triangle. Show that b2c2 + a4 = a2c2 + b4
 and that this value increased by 3 is a perfect square.

 Solution: Since b2a2 = a2b2 and a2 + b2 = c2, we have
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 b2( C2 - b2) = a2(C2 - a2) or b2.c2 + a4 a2c2 + b

 which is independent of the condition c = a + 1

 Using c = a + 1 in a2c2 + b4 + 3 we have

 a2(a + 1)2 + (c2 a2)2 + 3 = a2(a + 1)2 + {(a + 1)2 a21 2 + 3

 which when simplified becomes

 a4 + 2a3 + 5a2 + 4a + 4 = (a2 + a + 2) 2

 Barney Bissinger

 Fitchburg, M,ass.

 Also solved by C. W. Trigg, Los Angeles, California; Harold Bowie,

 Indian Orchard, Mass.; Thomas Griselle, Hollywood, Calif., and

 Lawerence A. Ringenberg, Charleston, Illinois who gave the para-
 metric equations

 a2 = 2v2 + 2v, b = 2v + 1, c = 2v2 + 2v + 1

 for triangles of this type.

 No. 5. Proposed by Victor Thebault, Sarthe, France.

 Using once each of the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, form a

 number which when increased by one million becomes a perfect square.

 Solution by C. W. Trigg, Los Angeles City College.

 If N + 106 = M2 then N = (M + 103) (M _ 103). Any number is
 congruent to the sum of its digits modulo 9, so N 45 0 (mod 9).
 Hence M ? 1 (mod 9). Now 1024456789 ? M2 ? 9877543210,so
 32007 < M ? 99386. Only those values of M within this range,
 which meet the congruence requirement, need be examined. The

 search may be aided by using a table of squares of four-digit in-
 tegers and an auxiliary table of squares with four distinct ter-

 minal digits. Thus many solutions are found. For example:

 MEl -1N M=- 1 N

 35902 1287953604 40445 1634798025

 38836 1507234896 50741 2573649081

 45433 2063157489 53801 2893547601
 52966 2804397156 54584 2978413056

 53407 2851307649 56555 3197468025
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 No. 6. Proposed by Fred Fender, South Orange, New Jersey

 Solution by Baymond Hf. Wilson Jr., Temple University, Philadelphia

 Assuming fuel weight = 3W/2, where W is the empty weight of

 the rocket, the mass to be accelerated at any time, t seconds

 from the takeoff, would be

 WF 3 00-t\1 w 500 - 3t\
 - 1 [ + -~ ) t ?<100

 g L 2 100 ( 200 /

 where g = 9.8 meters/sec2. Also, from the theory of jet propul-

 sion, the reaction force o f the j et for any velocity, v meters/-
 sec., of the rocket would be

 3W/2 ( 4900 - v) = - (4900 v).
 100 Z27o

 hience, the Newtonian equation of motion of the rocket for t < 100

 would be

 3W(4900 - v) - W0-(500 - 3t) W0(50 dt
 200 200 200Op d t'

 or

 dv / =- [3(4900) 1
 dt+ (500 - 3t) - 3t

 Integrating this as a standard linear differential equation of

 the first order, and applying the condi tion v = 0 when t = 0,

 v = 4900 F1 / (500-3t) 1 _ g(500-3t) 1 (500-3 t g- dz

 ~I500 J 3( g-l) [Sooj J

 where z height above starting point on the earth's surface.
 Direct integration, applying the condition z = 0 when t = 0,

 gi ves

 V(500) [ 500-3t 2 + 2g(500)2 (4900)(500)1 r SOO-3t g+ 1
 18(g-1) 500 ) 3 L 18(g-1)(g+l) 3(g+l) J [] Co500 / 3

 After t = 100, when the fuel is burned out, the rocket will

 continue as a freely body, and we have the familiar equation for
 maximum height, Z, of a projectile:
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 Z = Z 100 + ( o
 2g

 By logarithmic computation may be obtained:

 z 100 =404,259 meters v100 =4825.2 meters/sec.,

 and, finally,

 Z = 1592.2 kilometers.

 If the fuel weight is assumed to be only one-third as great,

 the maximum height attained is 1404.4 kilometers.
 In reality g is a function of z which could be included in

 the equation of motion, but then this equation would be no longer

 simple and, probably impossible of solution in finite form. A

 fairly good approximation might be made b r assuming g = 9m./ss2
 for the first 100 seconds; and g = 7m./s for the free flight
 motion after this to the peak. A rough estimate indicates a
 resultant increase in maximum height of some 200 kilometers.

 Air resistance up to 100 km. or so would be very consider-

 able. If proper constants were known, it might be expressed as
 a function of velocity and height (upon which pressure depends),
 and thus be included in the equation of motion, which would there-
 by become still more complicated. This resistance would decrease

 the maximum height, so the stated assumptions of the problem tend
 to be self-compensating.
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 Edited by

 Marian E. Stark

 Let us know (briefly) of unusual and successful programs

 put on by your Mathematics Club, of new uses of mathematics, of

 famous problems solved, and so on. Brief letters concerning

 the Mathematics Magazine or concerning other "matters mathe-

 matical" will be welcome. Address: Marian E. Stark, Wellesley

 College, Wellesley 81, Mass.

 The following information concerning mathematics and mathe-
 maticians in France comes to us in a letter received by Colonel
 Byrne of our editorial staff from Professor Gaston Julia, who has
 the chair of Analyse Superieure at the Sorbonne and also the chair
 of Geometrie at the Ecole Polytechnique. The letter was written
 on November 2, 1947. Professor tmile Borel retired in 1942 and
 Professor Paul Montel in October 1946. Professor Julia has not
 yet received the poster showing the courses offered for the first
 semester at the Sorbonne. The journals being published atpres-
 en t are:

 Annales de 1'Ecole Normale Superieure

 Journal de Mathematiques Pures et Appliquees

 Bulletin de la Societe Mathematique de France

 Bulletin des Sciences Mathematiques

 These journals are quite behind schedule ("La publication a de

 gros retards. ") The Annales de l'Institut Poincare' have not re-
 sumed publication. Paper is lacking and electric power for the
 presses is not always available. Printing delays for memoirs
 and books are very long (sometimes 2 or 3 years). Professor Julia
 tells us that he spent the month of September, 1947, lecturing in
 Stockholm and Oslo. Colonel Byrne adds that he knows that the
 "'Intermnediaire des Becherches Mathematiques" has been published
 since 1945. The eleventh number (July 1947) is the latest (as of
 November 10, 1947). The elementary periodicals (mostly devoted
 to examination questions, including the competitive Agregation
 examinations for teachers) Fevue de Mathe'matiques Speciales and
 Journal de Mathematiques Il'ementaires, published by the Librairie
 Vuibert (also L' gducation Mathematique), appear regul arly now.

 In the book "Entertainments in the Little Theatres of Madrid,
 17 59-1819" by Ada M. Coe we find the following:
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 "Mathematical Trick s"
 (Juegos de Matematica)

 1768

 Fo.r unadorned 'geometry' D. Faustine de Muscat y Guzman could

 charge one real admission fee; would demonstrate the reduction

 of a circle to a square. Doubters could come and see it done,

 then the following day go to the local bookstore and buy the

 book whose diagrams would reveal the secret. Under the unex-
 pected caption of ' mathematics' sleight of hand tri cks became
 juegos de manos .de matematica y fisica, and when sponsored by
 Daniel Peragallo, pupil of the 'celebrated Pinetti,' the reper-
 tory included tricks of physics, mathematics, arithmetic, play-
 ing cards."

 Can any of our readers supply information about similar
 mathematical "entertainments" at about that same time in other
 l ands ?

 Hidden Mathematicians

 1. He gave me his card and left.
 2. Frank accepted the offer; Matthew refused it.
 3. He heard the bell tinkle in the hall.
 4. Hlis house was new; to name it was the next problem.
 5. It was a Mercedes car, Tess.
 6. There was I with a broken arch, I. Medes and Persians how

 I suffered!
 7. Cain slew his brother Abel.
 8. I hate cant or blah-blah.

 9. The band was uniformed in white, headed by a drum-major in red.
 10. On her lap lace of the finest design lay.
 11. What could I do but love her, mi te that she was?
 12. Agnes, if I go, will you stay at home?
 13. Ah, mes amis. bonjour!
 14. If he is an anti phone the police at once.
 15. I say Edna, pie reveals your culinary talent.

 16. Je ne veux pas de lucre, mon ami.
 17. I gave him back four, i.e. returned all but one.
 18. He told them with simple charm the legend regarding the head-

 less rider.

 19. It was as fine a tulip as California could produce.
 20. His horse would always lag, range the hills as we might.
 21. For example, take plerome. Only a botanist knows what it is.
 22. After studying at a technical school he became interested in

 ore smelting.
 23. They say that his garden wall is somethi-ng to behold.
 24. According to his theory there is no ether necessary for the

 explanation of wave motion.

 25. The dolphin appears on the surface frequently.

 Boston University

 Elmer P. Mlode.
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Rietz, Crathorne, and Adams 
Intermediate Algebra 

Revised Edition 
IN THIS NEW EDITION OF A POPULAR TEXT, THE EMPHASIS IS LARGELY 
UPON THE AUGMENTED DRILL MATERIAL. ABUNDANT PROBLEMS STRESS 
PRACTICAL APPLICATIONS AND ARE GEARED TO THE NEEDS OF STUDENTS 
TODAY, INCLUDING THOSE WHO PLAN TO ENTER THE FIELDS OF SCIENCE 
AND ENGINEERING. 

294 PAGES 1947 $2.40 

Rietz and Crathorne 
College Algebra 

Fourth Edition 
THE CLEARLY WRITTEN TEXT, EXCELLENT ORGANIZATION AND NUMEROUS 
PRACTICAL EXERCISES HAVE MADE THIS TEXT A FAVORITE WITH TEACHERS 
FOR MANY YEARS. IT PROVIDES A SOUND, THOROUGH, TESTED COVERAGE 
OF THE SUBJECT. 

298 PAGES 1939 S2.25 

Announcing 
MATHEMATICS OF FINANCE 

J. Burton Linker and M. A. Hill, Jr. 

THIS NEW TEXT SHOWS A REALISTIC INSIGHT INTO STUDENT NEEDS. IT 
IS BOTH BROAD IN SCOPE AND COMPREHENSIVE IN TREATMENT, GIVING AN 
ESPECIALLY FULL PRESENTATION OF LIFE ANNUITIES. THROUGH THE EX- 
TENSIVE USE OF DIAGRAMS AND AN ABUNDANCE OF EXAMPLES AND EXER- 
CISES, THE STUDENT IS TAUGHT TO "SEE THROUGH" A PROBLEM AND MAS. 
TER THE PRINCIPLES INVOLVED. 

258 PAGES APRIL. 1948 $2.90 

Sisam College Mathematics 
IN THIS TEXT FOR THE INTRODUCTORY COURSE, THE ESSENTIALS OF AL. 
GEBRA, TRIGONOMETRY, AND ANALYTIC GEOMETRY ARE TREATED IN DE- 
TAIL AND THE FUNDAMENTAL CONCEPTS AND NOTATION OF CALCULUS IN- 
CLUDED. THE MATERIAL IS SO ORGANIZED AS TO GIVE THE STUDENT A 
SOLID UNDERSTANDING OF THE FUNDAMENTALS REOUIRED IN THE FIRST 
YEAR COURSE. 

469 PAGES 1946 S3.50 

College Algebra 
THIS CLEARLY WRITTEN TEXT PRESENTS AN UNUSUALLY THOROUGH AND 
COMPREHENSIVE REVIEW OF THE ESSENTIALS OF ALGEBRA. IT IS BROAD 
IN SCOPE, INCLUDING TWO CHAPTERS ON THE THEORY OF EOUATIONS AS 
WELL AS A CHAPTER ON INFINITE SERIES. ALL SUBJECTS ARE ACCOM- 
PANIED BY A WEALTH OF EXERCISE MATERIAL. 

395 PJGES 1940 $2.40 

Henry Holt and Company 
257 Fourth Avenue New York 10, Ne.w York 
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OUR CONTRIBUTORS 

Marshall H. Stone, Professor of Mathematics, University of Chicago, was 
born in New York City in 1903. His father was the late Chief Justice Harlan 
F. Stone of the U.S. Supreme Court. Educated at Harvard (A.B. '22, A.M. 
`24, Ph.D. '26), Prof. Stone served on the faculties of Columbia, Harvard,and 
Yale, and then returned to Harvard where he was appointed professor in 1937 
and elected chairman of the department of mathematics at the University of 
Chi cago. 

A member of the National Academy of Sciences and the Philosophical 
Society, etc., he has taken a leading part in the work of the American Math- 
ematical Society and has served as President of the Society and member of 
the Council. Widely' known for his researches in general analysis and 
B3oolean 'algebras, and for his colloquium volume, "Linear Transformations in 
Huilbert Space, " Prof. Stone has been an assoc. editor of the Transactions, 
the Annals, and the American Journal. 

Harry S. Vandiver, Professor of M.athematics, University of Texas, was 
born in Philadelphia in 1882, and attended the University of Pennsylvania 
in 1904-05. From 1900417, Prof. Vandiver was associated with his father as 
customs house broker in Philadelphia. During the first world war he served 
with the U.S.N.R.F., and after returning from the war he was appointed in- 
structor at Cornell. Prof. Vandiver joined the faculty at Texas as an 
associate professor ('24), became professor ('35), and distinguished pro- 
fessor of mathematics (Dept. Appl. Miath., '47)., Prof. Vandiver has re- 
ceived various honors for his extensive researches in algebra and number 
theory, including the Cole Prize ('31) and election to the Nat. Acad. of 
Sciences. Promin~ent in the Am. Miath. Soc., he was named colloquium lecturer 
('35) and Vice President ('35-'37). He has also served as chairman of the 
committee on algebraic numbers, National Research Council (1923-28) and as 
assistant editor of the Annals (1926-39). 

Rene Maurice Fre'chet, Prof., Inst. Poincare, University of Paris, and 
Prof., Ecole Norm. Sup., Paris and St. Cloud, was born in Maligny, France, 
in 1878. After receiving the doctorate at Paris ('06), he was appointed 
successively Maitre des Conferences, Rennes ('08), Prof. de mecanique, 
Poitiers ('10), Prof., Analyse Sup. and Dir., Inst. Math., Fac. de Sci., 
Strasbourg ('19). At Strasbourg he also was named Prof., Assur. et Statist., 
Inst. d'Enseignment commerc. sup. Prof. Frechet has held his present posi- 
tion since 1928. 

Internatinnally farmous among mathematicians both for his pioneering 
work on abstract spaces and his many researches in analysis, probability 
and statistics, Prof. Frechet is the author of a number of books on various 
advanced phases of mathematics, perhaps the best known being "Les Espaces 
Abstracts." He recently returned to France after an. extended lecture tour 
at Americah colleges and universities. An article by him explaining his 
recent theory of abstract random elements will appear in a forthcoming issue 
of this magazine. 

E. J. Hills was born in Winter Park, Florida, in 1899, and attended 
Indiana University (A.B. '21), California (M.A. '26), Harvard and Southern 
California (Ph.D. '41). Since 1930 Dr. Hills has been on the Faculty of 
the Los Angeles City College. A specialist in mathematical education, Dr. 
Hills is a member of the Mathematics Education Committee for California of 
the Mathematical Association and is the author or coauthor of three recent 
texts at the junior college levrel. 
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SOLID GEOMETRY 

By James Sutherland Frame, Michigan State College. Ready in 
spring 

Departing from the traditional treatment of solid geometry 
as a succession of formal propositions and proofs, this text 
aims to prepare the student for college work in mathematics 
and engineering. It is based on plane geometry and elementary 
algebra, and includes carefully stated assumptions, stimulat- 
ing oral questions, and well-assorted written exercises. A 
distinctive feature is a simplified method of drawing three 
dimensional figures in orthographic perspective with a pat- 
ented trimetric ruler supplied with the book. 

COLLEGE ALGEBRA 

By Frederick S. Nowlan, University of British Columbia. 401 
pages, $3. 00 

A comprehensive text for college freshmen. Distinguished 
by a more detailed and careful review of elementary material 
than is usual, and by the comprehensiveness with which the 
subject matter is developed, the book is both mathematically 
sound and easy to understand. 

ELEMENTS OF NOMOGRAPHY 

By Raymond D. Douglass and Douglads P. Adams, Massachusetts 
Institute of Technology. 209 pages, $3.50 

Deals with the study, understanding, creation, and prac- 
tical use of the alignment chart, of which this book presents 
seven elementary types. A feature is the inclusion of the 
useful circular nomograph as a separate entity. A large num- 
ber of the diagrams are presented in natural size. 

= E "L PLANE AND SPHERICAL TRIGONOMETRY 

By Lymr M. Kel ls, Wi l lis F. Kern and James R. Bland, United 
States Naval Academy. Second edition. 401 pages, $2. 50. With 
tables, $3.25. Tables alone, $1.00 

This is a simple, logically arranged text in which the 
topics are so spaced that each is mastered in its turn. Fea- 
tures of the book are the carefully graded exercises, the 
treatment of synthetic division,the chapter on the slide 
rule, the abridged methods of multiplication and division, 
and the proposed model form for logarithmic computation. 

Send for copies on approval 

McGRAW-HILL BOOK COMPANY, Inc. 
330 West 42nd Street New York 18, N.Y. 
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